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Perturbations of linear quasi-periodic system

L. H. Eliasson

1 Introduction

Existence of both Floquet and [? solutions of linear quasi-periodic skew-
products can be formulated in terms of linear operators on [?(Z), i.e. oo-
dimensional matrices. In the perturbative regime these matrices are perturba-
tions of diagonal matrices and the problem is to diagonalize them completely
or partially, i.e. to show that they have some point spectrum.

The unperturbed matrices have a dense point spectrum so that their eigen-
values are, up to any order of approximation, of infinite multiplicity, which
is a very delicate situation to perturb. For matrices with strong decay of the
matrix elements off the diagonal this difficulty can be overcome if the eigen-
vectors are sufficiently well clustering. One way to handle this is to control
the almost multiplicites of the eigenvalues.

The eigenvalues are given by functions of one or several parameters and in
order to control the almost multiplicities it is necessary that these functions
are not too flat. Such a condition is delicate to verify since derivatives of
eigenvalues of a matrix behave very bad under perturbations of the matrix.
Derivatives of eigenvalues of matrices are therefore replaced by derivatives of
resultants of matrices — an object which behaves better under perturbations.

If the parameter space is one-dimensional and if the quasi-periodic frequen-
cies satisfy some Diophantine condition, then it turns out that this control of
the derivatives of eigenvalues, in terms of the resultants, is not only necessary
but also sufficient for the control of the almost multiplicities. If the parameter
space is higher-dimensional this control is more difficult to achieve and not
yet well understood.

1.1 Examples

Discrete Schrodinger equations in one dimension. In strong coupling
regime this equation takes the form

—e(tpt1 +Un—1) + V(0 + nw)u, = Euy, n €7z, (1.1)

where V is a real-valued piecewise smooth function on the d-dimensional
torus T¢ = (R/27Z)% and w is a vector in R%. The constant ¢ is a way to
measure the size of the potential V' and it is assumed to be small, i.e. a large
potential. F is a real parameter.
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When £ =0 (1.1) have for each m € Z the solution
u™ € 1*(Z), urt =er

if we choose E = V(0 + mw) — e is 1 when n = m and 0 otherwise.

A solution u € [?(Z) is an eigenvector of the left-hand side of (1.1) inter-
preted as an operator on [?(Z). Represented in the standard basis for [2(Z)
it becomes an oco-dimensional matrix

V(0 + nw) + ¢ -1 0 -1

over Z. This matrix has the following properties:

* dependence of parameters 6 € TY;
* covariance with respect to the Z-action on T¢

0— 0+ nw

— covariance means that we obtain any row/column, and hence the whole
matrix, from one row/column simply by shifting the parameter 6 by the
group action;

* dense spectrum of the diagonal part;
* domination of diagonal part when ¢ is small;
* strong decay off the diagonal.

We can also notice that the matrix is symmetric and that the diagonal part
is determined by the potential V' while the perturbation is independent of
the potential.

A natural question is if this matrix has a basis of eigenvectors in [?(Z), in
which case it can be diagonalized, or if it has any eigenvectors at all. Such
eigenvectors will give solutions to (1.1) which are decaying both in forward
and backward time.

The existence of eigenvectors for small but positive ¢ is a delicate ques-
tion because in the unperturbed case all eigenvalues are essentially of infi-
nite multiplicity. Moreover there are numerous examples when there are no
eigenvectors: if V' is constant there are no eigenvectors since the operator
Up — —&(Uny1 + up_1) is absolutely continuous on [?(Z); if the potential
is periodic, i.e. w € 27Q%, there are no eigenvectors; if the potential is non-
periodic there are examples without eigenvectors when w is Liouville.

In weak coupling we consider the equation in the form

—(tnt1 +Un—1) + V(0 + nw)u, = Euy, n € 7. (1.2)
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When ¢ = 0 (1.2) has, for each £ € T, extended solutions
ut € 1°(7), ub, = et

for E = —2cos(§). When ¢ is small it is natural to look for extended solutions
of the form 4

ub, = ™ U (0 + nw),
where U : T — C. Such solutions are known as Flogquet solutions or Bloch
waves. The equation for U then becomes

(€U0 +w) + e €U0 — w)) +V(O)U(0) = EU ()

which, when written in Fourier coefficients, gives the matrix

2cos(§+ < k,w >) —€

over Z¢. This matrix has the properties:

* dependence of parameters € € T,
* covariance with respect to the Z%action on T

E=E+<kw>.

It has like (1.1) a dense spectrum of the diagonal part, domination of diagonal
part when € is small and decay off the diagonal (depending on the smoothness
of V). In this case however, the matrix is complex and Hermitian, the diag-
onal part is fixed = 2 cos(«) and the perturbation depends on the potential
function V.

Finding Floquet solutions for (1.2) now amounts to finding eigenvectors of
this matrix. This is a delicate matter which is known to depends on arithmeti-
cal properties of w and requires strong smoothness of V' which is reflected in
strong decay off the diagonal of the matrix. Floquet solutions are related to
the absolutely continuous spectrum and there are examples of discontinuous
potentials with only singular spectrum.

In strong coupling we can consider generalizations of the form

—e(Agu)p, + V(0 + nw)uy, = Euy, n € Z, (1.1

where the difference operator is allowed to take a more general form

N

(Do) = D bi(0+ (n+ )w)tng;.
j=—N
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It could even be infinite with sufficiently strong decay.

This equation will now give rise to a perturbation problem with the same
diagonal part as (1.1) but with a perturbation that depends on the b;’s. It is
typically not symmetric and it is therefore not reasonable to try to diagonalize
it for small e. But block diagonalization and construction of eigenvectors still
make sense.

In weak coupling we can consider equation

—(Aw)y, + V(0 + nw)u, = Euy, n ez, (1.2)
with a constant difference operator of the more general form
N
@B = 3 byt
j=—N

It can also be infinite with sufficiently strong decay. It will now give rise to
a perturbation problem of the same type as (1.2) but with diagonal part
determined by the function
N
Z bjeijg.
j=—N

Discrete Linear Skew-Products. We consider a weakly perturbed skew-
product of the form

Xnt1 — (A+eB(0 +nw))X, = EX,, n ez, (1.3)

where A € GI(N,R), B:T¢ — gI(N,R).
When € = 0 we have the Floquet solutions

X, = e X, AXy = aX,
for E = e¥ —a, £ € T. For € # 0 we look for Floquet solutions
X, = ™Y (0 + nw)
with Y : T — CV. The equation for Y then becomes
efY (0 +w) — (A+eB(9)Y(9) = EY (6)

which, when expressed in Fourier coefficients, becomes the matrix

eiEt<kw>)r _ g — ¢

over Z%. The properties of the matrix are:
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* dependence of parameters € € T,
* covariance with respect to the Z%action on T

E i+ <kw>.

The matrix has dense point spectrum of diagonal part, domination of di-
agonal part when ¢ is small and decay off the diagonal (depending on the
smoothness of B). Notice that here the unperturbed part is only block diag-
onal and its spectrum is determined by the functions (e¢ — a;) where a; runs
over the eigenvalues of A — a multi-level operator.

Finding Floquet solutions for (1.3) now amounts to finding eigenvectors
of this matrix.

We shall give two example of skew-products which can be considered
as strongly perturbed. The first example is an obvious generalization of the
Schrodinger equation:

—e(Xp1 4+ Xn_1) + B0+ nw)X, = EX,, neZ, (1.4)

where B : T¢ — gl(N,R) is a symmetric matrix. This now gives rise to a
multi-level version of (1.1).

The second example arises from the continuous Schrédinger equation in
strong coupling

—eu(t) + V(0 + tw)u(t) = Eu(t), teR. (1.5)

For ¢ = 0 the operator to the left becomes multiplication by V(6 + tw)
which has purely continuous spectrum and no eigenvalues. Hence this is an
even more complicated object to perturb from. Instead we consider the cor-
responding dynamical system

u / _ 0 1\ [u 0 — 6+
o)~ Lo+ -E) o) \u) -

and its time-t-map (®4(6; E,¢),0 + w).
Let w = (w',1) and 8 = (#',6;). Then the evolution of the system is
described by

n n bn n n
(u +1> = (a > (u > =: ®1((0' +nw',0); E,¢) (u ) ,
Un+1 Cn dn Un, Un,

where a,d,, — b,c, = 1. From this we deduce the second order equation
bn—1tUns1 + bptn_1 — W (O + nw)u, =0, (1.6)

where W(6') = ao(0")bg(0' — ') + d(8' — w")b(6").
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In matrix formulation the right-hand side of (1.6) becomes

0 bn72
W (0" + nw') + b 0 by
b7l+1 0

which is a matrix over Z with properties:

* dependence of parameters ' € T4,
* covariance with respect to the Z-action on T4 !

9 — 0 +nu'.

The diagonal part has dense spectrum and the matrix has strong decay off
the diagonal. There is some domination of the diagonal part if € is small and
if F is close to inf V' but it is less explicit than in (1.1). Both the diagonal
and the non-diagonal part depend on the potential V.

Since the matrix is neither symmetric nor Hermitian we cannot hope to
diagonalize it, but it may still be block diagonalizable and have a pure point
spectrum with finite multiplicity. If 0 is an eigenvalue for a given parameter
value F, then the corresponding eigenvector will give a solution of (1.5) which
is decaying both in forward and backward time giving some point spectrum
for that operator.

Higher-dimensional Schrédinger equations. We can consider the Schro-
dinger equation in, say, two dimensions in strong coupling
—e(Au)y + V(01 + nywr, 02 + nows)un, = Fuy, ne 72, (1.7)

where A is the nearest neighbor difference operator

(Au), = Z U,

|m—n|=1

V is a real valued piecewise smooth function on the product of two tori T¢ x T¢
and w = (wy,ws) is a vector in R? x R,
A solution u € [?(Z?) is an eigenvector of a perturbation of the matrix

V(01 + nywi, 02 + nows)

over Z2. This matrix has the following properties:
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* dependence of parameters 6 € T??;
* covariance with respect to the Z2-action on T??

0= (91,92) — (91 4+ njwi, s + 77/2(4)2).

The diagonal part has dense spectrum and dominates the matrix when ¢ is
small, and the decay off the diagonal is strong.
In weak coupling

—(Au)y + V(01 + niws, 02 + nows)u, = FEuy, n €72, (1.8)
the existence of Floquet solutions
Uy = ei("1€1+”252)U(01 + niwi, 02 + 712&}2)

gives rise to an eigenvalue problem in the same way as (1.2).

1.2 Two basic difficulties

The fundamental problem in the perturbation theory of these matrices is that
all eigenvalues have infinite multiplicity up to any order of approximation.
More precisely, we say that two eigenvalues E™(0) and E"(0) are p-almost
multiple if

| E"(0) - E"0)| < p.

Then the p-almost multiplicity is infinite for any p # 0. This is not only a
technical obstacle since for example the matrix derived from equation (1.1)
does not have any eigenvectors for any € # 0 if V' is constant.

Infinite almost-multiplicity can be handled if the matrix has strong decay
off the diagonal and if the corresponding almost-multiple eigenvectors {u™}
cluster. By this we mean that the range of all the (u™i)’s, i.e. the infinite
subset

Ui{n € Z : ;' # 0}

collects into finite clusters in Z. This clustering of almost-multiple eigenvec-
tors is crucial for the possible diagonalization of the perturbed matrix. It
should be measured by the separation and extension of the clusters — which
are related to the decay of the matrix off the diagonal — and by the the
cardinality of the clusters.

The first difficulty is therefore to get good clustering of eigenvectors. An
essential role in this is played by the strong decay of the perturbation off
the diagonal and by the Diophantine properties of the frequency vector w. A
vector w € R? is said to be Diophantine with parameters s, 7 > 0 if

inf |<n,w>—-2rm|> ) Vn € 24\ 0. (1.9)

mez (nF
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Control of the almost multipicities and clustering. In the problem
(1.1) the eigenvalues E™(f) and the eigenvectors u™ () are

E™®) = V(0 +mw) and u =er.

Which are the eigenvalues that are p-almost multiple to £ (6) and how many
are there in any finite subset of Z?
In order to investigate this question, consider the set

A={zeT:|E™@+z)—E™0)|< p}.
If V' is smooth, measured by 0 and ~,
| Viler < AR VE >0,
and if V satisfies the transversality condition, measured by o and s,

max | V(O +z)-V(0)| >0 Vo, z,

0<k<s -

then A (see Lemma B1) is a union of intervals UA; with a finite number < p
(independent of €) of components, and each component is contained in an
interval with length

< const p%

—when V(0) = cos(6) the numbers p and s are both 2. If there are more than
u—+ 1 eigenvalues E™(0), 7 = 1,2,... ,pu+ 1, that are p-almost multiple to
E™(0), then it follows that § + n,w and 6 + n;w belong to one component,
A1 say, for at least two different 4,7 < p + 1. What controls the return of
a translation § — 6 4+ w to an interval is the Diophantine condition (1.9).
Under this condition it follows that

1

1
| ni —nj |> cons‘m%(f)w,

which means that when p is small then the distance between the sites n; and
n; is very large.

Consider now a sequence of eigenvalues E™(6) = E™(0),E™(0),...,
Em™:+1(#) such that any two consecutive pairs are p-close. Then any two pairs
are (u + 1)p-close and hence it must hold that

1 1
T e b7 (—— )75,
léin,al‘?;i ) | ni —nj |> v = constk (( 1)p)

This implies that the ranges of the corresponding eigenvectors u™, i.e. the
set of indices or sites {n;}, collects into clusters in Z containing at most
many sites. Any two clusters are separated by at least v many sites, and each
cluster extends over at most A = uv sites.
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This simple argument which controls the clustering of the eigenvectors
does not depend on the dimension of the lattice Z, but it does depend cru-
cially on the dimension of the parameter space {6}. If we consider V(6) =
cos(61) 4 cos(6s), defined on the 2-dimensional torus, with w = (w1, ws), then
the corresponding set A is now a subset of T? and its components A; are
simply connected subsets of T? whose shape depend on the potential V. A
Diophantine condition on w does not alone control the return of a trans-
lation to an open connected set — the return also depend on the geometry
of the sets A;. Of course the situation is the same if we consider a truly
higher-dimensional problem like (1.7) or (1.8).

This is why the higher-dimensional case is more difficult and why our re-
sults in this paper are restricted to matrices which are covariant with respect
to a group action on the one-dimensional space T*.

Propagation of smoothness and transversality. The second difficulty is
that the diagonalization is a small divisor problem which requires a quadratic
iteration of KAM-type. It is therefore not enough to control the almost-
multiplicities of the unperturbed matrix but they must be controlled also
for nearby matrices — if not for all so at least for a sufficiently large class
of nearby matrices. This class of matrices is the normal form matrices: their
elements have exponential decay off the diagonal measured by a parameter
«; their smoothness is measured by (,; they are not smooth on the whole
parameter space but only piecewise smooth over a partition P. They will have
a pure point spectrum and will be characterized by a certain block structure
— measured by A, u, v, p — which describes their eigenvectors. However, they
will not be diagonal nor block diagonal in general.

Since derivatives of eigenvalues behave very bad under perturbations we
cannot hope that the transversality condition of the eigenvalues of the un-
perturbed matrix propagates to the eigenvalues of the nearby normal form
matrices. But instead of comparing two eigenvalues we can compare the whole
spectrum of two submatrices truncated over blocks. This is done by the re-
sultant and what we need is a transversality condition of the resultants of
submatrices truncated over blocks — transversality of blocks. In distinction to
eigenvalues, derivatives of resultants behave nicely under perturbations and
we are able to show that this transversality condition of a normal form ma-
trix propagates to nearby normal form matrices if their block structures are
compatible in a certain sense.

1.3 Results and References

Some attempts to prove pure point spectrum for the discrete quasi-periodic
Schrodinger equation (1.1) on a one-dimensional torus in strong coupling
were made already in the early 80’s [1,2] but the breakthrough came in the
late 80’s with the work of Sinai [3] and of Fréhlich, Spencer and Wittver [4]



10 L. H. Eliasson

on a “cosine”-like potential. The most general result today is [5]. The present
article provides a different presentation of the result in [5], together with
generalizations and variants. Similar results have also been obtained in [6]
by different methods. Discrete equations (1.1") were treated in [5,7]. In this
paper we generalize the these results still a bit more.

It should be noted the we only discuss the perturbation theory for smooth
systems with Diophantine frequencies. There are numerous results for sys-
tems that are non-smooth or have non-Diophantine frequencies. For example,
the results referred to above about Liouville frequencies and discontinuous
potentials can be found in [8,9].

The results on weak coupling (1.2) are older. Dinaburg and Sinai [10]
constructed Floquet solutions for the continuous Schrédinger in order to get
some absolutely continuous spectrum (see also [11]). These results were then
extended in [12] and the proof that there is such a solution for almost all
quasi-momentum was given in [13]. The work [13] even proves that the one-
parameter family (1.2) have Floquet solutions for a.e. value of the spectral
parameter F. All these results were proved for the continuous equation but
the adaptation to the discrete case is likely to be quite straight forward. The
results of [10] was for example carried over to the discrete case in [14]. The
results [10-14] were proven by ODE-methods. An operator approach like the
one in this paper were used in [15] and later also in [16].

For more general weakly perturbed skew-products (1.3) results have been
obtained in [17-19], also with the use ODE-methods. (See also the short
survey [20].) Some further results are obtained in this paper.

The continuous Schrédinger in strong coupling (1.5) has only been treated
in one particular case [4]:

—eu”(t) + (cos(01 +t) + cos(02 + tw))u(t) = Eu(t).

This equation has, for ¢ small enough, a pure point spectrum close to the
bottom of the spectrum. (From [13] it follows that it has purely absolutely
continuous spectrum with Floquet solutions for sufficiently large E.)

Other strongly perturbed skew-products have been studied in [21] from
the point of view of Lyapunov exponents.

For equation (1.1) on a higher-dimensional torus there are two papers
[22,23] which, in particular, stresses the importance of “external” parameters
in these problems. In truly higher dimension essentially nothing is proven.
For the continuous analogue of (1.8) some results, also with the use of “exter-
nal” parameters, have been announced [24,25]. The difficulties met in higher
dimensions are related to those in other problems on infinite-dimensional
matrices [26].

In this paper we only discuss discrete quasi-periodic skew-products. The
continuous case is both similar and different. The construction of Floquet
solution does give rise to a similar perturbation problem. The difference is
that the parameter space is the Euclidean space R, instead of the compact
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circle T, and that the spectrum of the diagonal part is unbounded. This is
likely to be a minor point and we believe that all the results in weak coupling
carry over from discrete to continuous skew-products. The construction of 2
solutions of continuous skew-products is, however, much more difficult since
it does not give rise to such a nice perturbation problem as in the discrete
case.

1.4 Description of the paper

In Section 1 we introduce some notations. In Section 2 we define the normal
form matrices which are a sort of generalized block matrices. They depend
smoothly on some parameters and are covariant with respect to a group
action. The smoothness is only piecewise in a way we explain. In Section 3
we show that we can conjugate the normal form matrices to block diagonal
form, but there is a prize to pay — the smoothness properties of the conjugated
matrix is less good. In Section 4 we show that we can conjugate a perturbation
of a normal form matrix to a new normal form matrix with a much smaller
perturbation. This should be the starting point for an iteration of KAM-
type. In Section 5 we discuss under what conditions this procedure can be
iterated and the role of clustering of the blocks. Up to this point neither the
smoothness nor the group action play any role whatsoever.

The clustering property is related to almost multiplicities of the eigenval-
ues. These multiplicities are related to estimates of resultants which can be
obtained from a transversality property. In Section 6 we discuss when and
how this transversality property of the resultants can be transferred to nearby
normal form matrices.

In Section 7 we specialize to a quasi-periodic group action on the one-
dimensional torus, i.e. to a linear ergodic action on T, submitted to a Dio-
phantine condition. In this case the transversality property of the resultants
will be sufficient to control the almost multiplicities of the eigenvalues and
hence the clustering of the blocks. This will give us a perturbation theorem,
Theorem 12, of a quite general type. In Section 8 we discuss applications
of Theorem 12 to some of the one-dimensional problems we have discussed
above.

In an appendix we include basic finite-dimensional results from analysis
and linear algebra.

There is some difference, besides presentation, from the approach in [5]. We
work with Gevrey functions — the particular Gevrey class has no importance
— but instead of using the possibility to smoothly truncate Gevrey function as
in [5] we use here discontinuous cut-offs. The disadvantage is that we have to
work with piecewise smooth functions, which is a little awkward in relation
to the covariance property, and that we must control the size of the pieces.
The advantage is that the particular group action does not intervene before
the final step of the proof.



12 L. H. Eliasson

1.5 Notations

Let £ be a standard lattice Z,Z2,Z3,... and denote its elements, called
indices or sites, by a,b,c,.... If Q,Q C L, then we let
dist(2,9Q) = min_ |a—b],
a€eNbeR
where | | denotes the Euclidean distance. We let {e® : b € £} denote the
standard basis of 2(£), defined by €% = 1 or 0 depending on if @ = b or not.
If  is a subset of £, we denote by C the subspace of 12(£) spanned by
{e*:a € Q}.
A subspace A of dimension k of [2(£) comes equipped with an ON-frame,
i.e. A is a linear mapping
A:CF = 1%(L)
such that
A*A = Idck
AA* = 1 —projection of [?(L) onto A.

The range of A is the set of sites that A occupies, i.e. the set of all a € L such
that (e*)*A # 0. A block for A is a subset Q C £ that contains the range of
A.

If D :1%(L£) — [2(£) is a bounded operator we identify it with an oo-
dimensional matrix via the standard basis:

Db = (e®)*Deb,

the matrix element at row a and column b. By a matriz on £ we shall always
understand such a representation of a bounded operator. The truncation at
distance N off the diagonal of D is the matrix D defined by Db Db or=0
depending on if | b — a |< N or not. If A is a subspace we let Dy = A*DA
and if 2 C £ we denote by Dgq the matrix D¢e.

A partition of a manifold X is a (locally finite) collection of open subsets
— pieces — P such that UycpY is of full measure in X. If P and Q are two
such decomposition and if T is a homeomorphism on X, then

PVQ = {YNZ:YEP,ZecQ}
T(P) = {T(Y):Y € P}.

T9 denotes the d-dimensional torus (R/27Z)? and its distance is denoted
by || -

We denote by | u | the Euclidean norm if u is a vector and the operator
norm if u is a linear operator.

For a smooth function u (possibly vector or matrix valued) defined in an
open box V in R? we let | u |ox be

sup sup | auj( )1, ke N¢.

0<I<k z€V ( )
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u is said to be of Gevrey class Gy if
|u o < B vk > 0.

Smooth function will always be assumed to be G, unless otherwise specified
— that we have chosen this particular Gevrey class will be of no importance.

A function is said to be smooth on P if it is smooth on (a neighborhood
of the closure of) each piece of P.

2 Covariance and normal form matrices

2.1 Covariance

Let £ be a lattice Z,Z?2,... and let X be a a torus T, T?,.... On the torus
X we have an L-action
T:LxX X,

and we denote by T, the mapping x — T'(a,2), a € L, x € X. For an element
b of L, define 7, : 12(L£) — I?>(L) by

(76f)a = fa—s-
Clearly 7 is unitary and 7 = 7, V=7,
Definition. A matriz
D:I*(L) x X = 1*(L)
is covariant with respect to the group action T if

*D(x)r. = D(Tu(z)) VceL, z€X.

A covariant matriz D(zx) is pure point if, for almost all z, there exists an
eigenvector q(x) such that {q®(x) =: 7,q(Tu(z)) : a € L} is a basis for 1*(L).
Q(z) C L is a block for q(z) if

Qz) D {aeL:(e*)q(x)#0}.

If g(x) is an eigenvector with eigenvalue E(z) and block Q(z), ¢*(z) =
7,q(Ty()) is an eigenvector with eigenvalue E°(x) = E(Ty(z)) and block
O (x) = Q(Ty(x)) — b.

In terms of the matrix elements, covariance means that

Dite(x) = D:(T.x) Va,bceL, v€X.

More generally, we say that D(z) is pure point if ¢(z) is a generalized
eigenvector with finite multiplicity. A block for ¢(z) is then a block for the
smallest invariant space containing g(x).
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Even more generally we can consider multi-level operators
D:PL)oCYN x X = 1?(L)®CV.

On 1*(£) ® CN we have the standard basis {7 : b € £, j = 1,...,N}
defined by eZ”]i =1 or 0 depending on if (a,i) = (b, j) or not. For an element
be L, we define 7, : 12(L£) @ CN — 12(£) ® CN by

(be)a,i:fafb,z‘, i=1,...,N.

The covariance of D with respect to the L-action T is now defined in the
same way as above. D(x) is pure point if [?(£) ® C has a basis {¢"7(x) :
a € L, j =1,...N} of eigenvectors of D(x). A block for ¢’ is a subset
Q(x) Cc L x {1,...,N} such that

Qz) O {(a,i) € Lx{1,...,N}: (e¥)*¢/ (x) # 0}.
We can also consider in the multi-level case generalized eigenvectors of finite

multiplicity ¢/ (z).

2.2 Normal Form Matrices
We shall consider matrices
D:1%(L)x X = 1*(L)
which are covariant with respect to an L-action
T:LxX—X

and which satisfy the following conditions.

Ezponential decay off the diagonal.

| D} Jeo < BeeI0el, (2.1)

Smoothness. The components of D are piecewise smooth and satisfy
| Db |ox < Beolbmalyk g >, (2.2)

D(z) is pure point with a (possibly generalized) eigenvector ¢(x), correspond-
ing eigenvalue E(x) and block Q(z) satisfying the following conditions.

Block dimensions and block extensions. For all z € X

{Q(x) C {a:a|<A} (2.3)

#Q(z) < p
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Block overlapping. For all x € X
4 U e < (2.4)
Qo (z)NQ(xz)#0

If the blocks do not overlap, then the matrix D is a block matrix with blocks
of dimension < . In general the blocks do overlap but we shall require that
resonant blocks don’t.

Resonant block separation. For all x € X

| B() - Bx) |< p =
0% (z) = Q(z) or dist(Q%(z),Q(z)) >v>1 (2.5)

Partition. There is a locally finite partition P such that
D and Q are smooth on the partition P. (2.6)

By a matrix D being smooth on a partition we mean that each D? is smooth
on, a neighborhood of the closure of, the pieces of

b+a b—a
<| I}
2 2

VAT.(P) :| ¢+

By a set Q being smooth on a partition we mean that each the characteristic
function xqs(a) is smooth on, a neighborhood of the closure of, the pieces of
the same partition.

This smoothness condition is consistent with the covariance.

Remark. This concept of piecewise smoothness in relation to covariance is
a little awkward. If A and B are two covariant matrices which are smooth on
the partition, then AB will not be smooth on any partition unless A or B are
truncated at some finite distance from the diagonal. If A or B are truncated
at distance N, then AB is smooth on the refined partition

P(N) =: V{T.(P) :| ¢ |< N}.

Matrices like e? or (I +A)~! will in general not be be piecewise smooth with
the definition we have chosen.

Given a partition P we let Ps denote another type of refinement. Each
piece Y of Py is contained in a piece of P and has “diameter” less than 4, i.e.
any two points x,y in Y can be joined by a curve in Y of length less than ¢
—if Y is convex then § is the usual diameter of Y.

In the sequel we shall construct partitions like

P(N1)51 (N2)52 (Ng) e
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Definition. We say that a covariant matrix D is on normal form
NF(e, 3,7, A 1, v, p)

if both D and D* satisfy (2.1 — 6) with the same block Q0 and partition P.
The eigenvalues will be complex conjugate, Ep- = Ep. The eigenvectors qp
and qp~ of course not related unless D is symmetric, in which case they are
equal, or Hermitian, in which case the are complex conjugate. We also use
notations like

NF(a, 8,7, X\ p,v, p34, E,Q,P)

when we want to stress these objects.

Remarks. 1. The parameters (3, y, A, u can be increased and the parameters
a, v, p can be decreased. For simplicity we shall assume that §,v both are
> 1.

2. It follows from the definition that D is truncated at distance 2\ from
the diagonal and that, for given a (or b), D? # 0 for at most u? many b’s (or
a’s).

3. Using the generalized Young inequality [27] we get an estimate of D in
the operator norm

e’ +1 dim £,k

> 0. 2.
) VEk >0 (2.7)

| D er < 6(

If D is a m x m-dimensional matrix then we also have
| Dex < mByY*  VE>0. (2.8)
The estimate (2.8) is better than (2.7) if « is small but worse if m is large.

We have the corresponding notion for multi-level operators on 1?(£) @ CV.
We then have N eigenvectors ¢’, each with corresponding eigenvalue E? and
block €. (2.1-2) should hold for the matrix elements D”7 and (2.3) should

a,t

hold for the blocks. (2.4) and (2.5) takes the form: for all j and for all z € X

4 U e < (2.4)

Qi (z)NQI (2)#£0

for all 4,5 and for all z € X

| Bi(a) - B (2) |< p—
Q@ (x) = QI (z) or dist(Q¥(z), W (x)) >v>1. (2.5)
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3 Block splitting

In this section we shall see that we can conjugate a normal form matrix to
a true block diagonal matrix. The price to pay is in the smoothness and will
be related to almost-multiplicity of the eigenvalues.

Proposition 1. Let
D e NF(a, 8,7, A, 1, v, p; U, P).

Then there exists a subspace A(x) which is invariant under D(x) such that
all eigenvalues of A*DA are p-close, and which has the following properties:

(i) for all x

Az) c C%@); (3.1)
(i)
\A| < 67“2 2pu Nk .
e < ((const ; )*Hy) Yk > 0; (3.2)

(iii) A is smooth on the partition P(3\)s, where

b = (consti)z“f; (3.3)

Bu?” v
(iv) the angle between A(x) and the invariant subspace
Yoo A),  A2) =nA(Tha),
Ab(z)#A(x)
18
1% 2
> (const—= ) . 3.4
( ﬂuQ) (3-4)

The constants only depend on the dimensions of L and X.

Proof. Let Q(z) = UQ%(z) where the union is taken over all a such that
Q%(z) NQ(z) # 0. Then by (2.3 — 4), for each z,

#Q(x) < p
Qz) c{a€ L:|al< 3N}

Consider Dg. This matrix is smooth on P(3)) and by the remark (2.8) we
have the estimate
| Dg |ex < pBy*  VE>0.
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Apply Lemma A.6 with p = r to get a Dg(x)-invariant decomposition

k
o) = Z]\i(ﬂi)
i=1
smooth on P(3\)s, with § satisfying (3.3), and
~ 2
| A |ex < ((constﬁ%)m"y)k vk > 0.

q(z) belongs to one of these spaces — ]&1(:10) say. Let now x be fixed. If ¢ is
an eigenvector of Dg () which lies in A;(x) then it follows from Lemma A.7
that either § is an eigenvector of D(z) or is perpendicular to C*(*). Hence,
if G, # 0 for some a € Q(z), then ¢ is an eigenvector of D(x) and hence
= ¢°(z) for some b. This implies that | E(z) — Eb(z) |< p and by (2.5) that
O (x) = Q(z). Hence, either § is supported in Q(z), in which case it is an
eigenvector of D(x), or it is supported in the complement of Q(z). Therefore
A(z) = C2®) N Ay () is an invariant space for D(z) which satisfies the same
estimates as Ay, i.e. (3.2-3). This proves (i), (ii) and (ii).

The angle between A and A’ follows also from Lemma A.6 since each
A(x), which is not orthogonal to A(x), is contained in C**(*) and therefore
is a subspace of some A;. O

When D is Hermitian in Proposition 1, then the angle between the invariant
spaces is 7; the radius ¢ in (3.2) is

0
Bryp?

const

In the multi-level case we get one subspace A7(x) for each j = 1,..., N
with _
N (z) c C¥ @),

and the matrix Q is defined by Q(x) = (...A%(z)...), where A is the sub-
space (A»1, ... A®N). All the estimates are the same and the proof is also
the same with obvious modifications.

4 Quadratic convergence

In this section we shall construct a conjugation which transforms a normal
form plus a perturbation to a new normal form plus a smaller perturbation.
The formulation will involve an auxiliary matrix W. The reason for this ma-
trix is that we are not allowed to take inverses because they are not piecewise
smooth, but we have to use approximate inverses. The role of W is to measure
this approximation.
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Lemma 2. Let D € NF(a,...,p; E,P) and let F be a covariant matriz,
smooth on P and satisfying

| Eb |or < eem@lbmalak k>0, (4.1)
Then there exist covariant matrices K and G satisfying

[D,K]|=F -G

<} (2),G(2)ap(x) >=0 if | B%(z) — E®(2) [> p,
with the following properties:
(i) forallk >0

2 4.3
| Kb |ox + | GY |er < s(ﬁ 2)(constﬁ%)?’“ efrae—alb=al(y)k (4.9)
v = (constﬁ“ )3" ity '
(ii) K and G are smooth on the partition P(3X)s(6\) where
P youl
6 = (const—— ¥ —; 4.3
(const )~ (1.9

(iii) #f F is truncated at distance N from the diagonal, then K and G are
truncated at distance X + 6.

The constants only depend on the dimensions of L and X.

Proof. Let A be the invariant space of D defined in Proposition 1, with p
replaced by £, and let
Q = (...A%Ab..).

The estimate of ) follows from that of A, and @ is truncated at distance A
from the diagonal.
Let
G = (AR
be the same matrix as Q but obtained from D*. The inverse Q~' = BQ*,
where B is a block matrix with the blocks

(A" A2

It follows that Q! is truncated at distance 2\ from the diagonal, is smooth
on P(3X)s(N\) and satisfies

6u ﬁu

| Q7! |ox < (const=— )Q’Lz((const ) W)k Vk >0

— see Lemma A.6.
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Then D = Q_lDQ is a block diagonal matrix with blocks — which we
here denote by D% — corresponding to the subspaces A%, which is smooth on
P(3X)s(3)) and satisfies

| Db |on < Bu(constﬂu )21 e”‘aefo‘lb*“‘((constﬁ'u yin 7)’“ Yk > 0.

Eigenvalues of Dg are £-close, so if Dg and ].52 have two eigenvalues that
differ by at least p then any two eigenvalues of 133 and Dé’ respectively differ
by at least £.

Let now F = Q'FQ. Then F will be smooth on the same partition as D
and satisfy the same estimate but with the first factor 3 replaced by e.

The equation becomes

DeRY — RPDY — B P
If any two eigenvalues of [)g and 132 respectively differ by < p, then the
equation reduces to ~ ~
Kl=0 and G =
and if at least two eigenvalues differ by > p, then the equation becomes
DURY — RPDY — B and Gb — o0,

The estimate of G is clear so we only need to estimate K from the second
equation. Since we can triangularize each D¢ by a unitary transformation we
get

Bu ﬂu

|Kb ‘CO < E[ ) ]u63)\aefa|b7a\.

(const——
Since the solution of the second equatlon is unique we get estimate of the
derivatives by differentiating the equation.

We now let K = QKQ ! and G = QGQ . They will satisfy the required
estimates and be smooth on P(3X)s(6)).

(iii) is clear by construction. O

Proposition 3. Let D € NF(a,...,p;Q,P) and let F' and W be covariant
matrices, smooth on P and satisfying

| FY x4+ | WD |on < ce—@Pmalyk g > 0.

Then there exists a constant C — depending only on the dimensions of X and
L — such that if

L= (e (4.4)

e < (Bl (a—a)timeyn e

B

then there exist

D' e NF(, 3", 4", A\ v, p's Q,P')
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and covariant matrices U, V., F' and W' such that
VID+F)W = D'+ F and VI+W)U = [+ W
with the following properties:

(i)

{o/ < a, g =1+ %)ﬂ, (4.5)

2 5.3 2
Y = (GH)ITy, Y <y
(ii) for all k > 0,

(U =D [ex + | (V=D |ex + | (D' = D)} |ex < ge*a'“‘ (v)",

(4.6)
and D' — D is truncated at distance v from the diagonal;
(iii) for all k >0,
| () Jox + [ (W) Jen < elembmel(y/)k (4.7)
e = maX[W7 ge~ (V=8N (a=a’)];, :
(iv) F' and W' are smooth on P’ = P(5))s(6\ + 2v) where
p 1

Notice that the smallness assumption only depends on «, 8, A, , p, a« — &,
p — p and that the size of the new perturbation F’ depends on v. Nothing
depends on 7.

Proof. Let F and W be the truncations of F and W at distance v — 8\ from
the diagonal.
Define K and G so that

N 1 4 ~
[K.D]+G =F ~ (WD + DW).

(This choice gives an Hermitian G and an anti-Hermitian K whenever D, F, W
are Hermitian.) The right hand side is smooth on P(2)), truncated at dis-
tance v — 6 from the diagonal and satisfies

| (RHS)? |or < constefule?r@ealb=alk k>0,

because D is truncated at distance 2\ and D¢ # 0 for at most x? many c’s
or d’s.
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Hence, by Lemma 2 we have
| KR low +1 Gl lens geebel(y)t

and K and G are smooth on the partition P(5X)5(6X). Moreover, K and G
are both truncated at distance v.
If we define

1. 1.
U=I+K-oW, V=I-K--W

then U,V and G will satisfy the estimate (4.6) and
VI +W)U —1 = [(W=W)+O*(W,W,K)] + [0°(W, W, K)]
= W = W+ W;
and
V(ID+F)U-D—-G = [(F—F)+O*F,W,K)] +[0*(F,W, K)]
= F' = F,+F

Estimating this using Lemma A.8 gives that F;j and W] satisfies (4.7). Ob-
serving that W’ and F’ are at most linear in the non-truncated matrices W, F
we see that they are smooth on the partition

P(5N)s(6X + 2v).
It is clear that D’ = D + G satisfies (2.1-4) with o/, 8',7/, A, p and (2.6) with

P!
Since the eigenvalues of D¢, and Dg, differ by at most

—_

1

4(const )1_%(const§ad%£)“ < Z(P—p/)

qdim L

(Lemma A.2), where we used (2.7) to estimate the norm of the matrices, it
follows that

[ (E)(z) = (E")(2) |< p" =] E*(x) — E(z) |< p.

Therefore D’ verifies (2.5). O

We now iterate the construction in Proposition 3 a finite number of times
in order to improve the result.

Corollary 4. Let D € NF(a,...,p;Q,P) and let F and W be covariant
matrices, smooth on P and satisfying

| FY x4+ | WD |on < ce—@lPmalyk g > 0.
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Then there exists a constant C — depending only on the dimensions of X and
L — such that if

c S min[fQ(Oz _ a/)dimﬁ’g(l)gpl (Ot _ a/)dimﬁ)u] (4 9)

€ = (O’ e, '
then, for any integer

1
1< < gpsllog((v —8Y)(a o) ~loglog( )L,
there exist
D' e NF(, B, N\ ps v, p's Q. P)
and covariant matrices U, V, F' and W' such that
V(ID+F)U = D'+ F and VI+W)U = I+ W
with the following properties:
(i)
o < a, '=(14%
18 2 34,2 /8 ( E)ﬂ (410)
T= (G, <

(ii) for allk >0,

6 (o3 3
| (U=1)g lex + 1 (V= 1)g lex + 1 (D" = D)g |er< 56_5“’_“'(7’)",

(4.11)
and D' — D is truncated at distance v from the diagonal;
(iii) for all k >0,
F b w’ b < & —a'|b—al| (~/\k
[ (Fhles (W% lov < e l(y) )
¢ = (gaaymz)”;
(iv) F' and W' are smooth on P’ = R™(P), where
R = 5A)s (6 + 2
(P) = P(5N)5(6A+20) )
§ = (CH25)%mL,
B v

Proof. We can assume that 20’ > a. Let « = a3 > as > ... and p = p; >
p2 > ... with

;=i =2"(a—d),  pi—pi1=2"(p—p),
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and let

2
Ei 7(1178/\)(0(,;7&,;4,1)]

€2(; — gy )ImE i

Ei+1 = max[

2
i

T E(a; — ajpq)ImE

1 < n.

If we apply n times Proposition 3 we get the statement (i-iv), but only
with
r_ (l@)(&taﬂu?)n%
C p

In order to get better smoothness we must look more closely. Let us define

V.. Vi(D+ F)U;...U; = Djj1+ Fjpy
Vi Vil+W)Uy...U; = I+ W,iq.

with

1. 1. A
Uj:I+Kj—§Wj ‘/}*:I—Kj—EWj Dj+1=Dj+Gj

and
1 .
(K, Dj] + (Djr = Dy) = Ej = 5 (W; D + D;Wj),

where ~ denotes truncation at distance v — 8\ from the diagonal and Dy = D
and F; = F.

We now conjugate these equations to the left and right by Q! and Q. This
conjugation will block diagonalize all the D;’s to Dj and give the equations

Ry, D))+ Gy = Q7 FQ — Q' WiQD; + D, W,Q) = RHS.
These equations now split into blocks:
(Kj)o =0 and (Gj); = (RHS);,
when any two eigenvalues of the blocks [)fj and D{; differ by < p;

(K;)2(Dj)y — (Dj)4(K;)% = (RHS)Y and  (G;)h =0,

a

when at least two eigenvalues of the blocks 133 and bg differ by > p. That
the K,’s, D;’s and F}’s are '-smooth now follows by an easy induction. O

When D, F and W are Hermitian these results can be improved. In Lemma
2, G is Hermitian and K is anti-Hermitian — this is an immediate consequence
of the construction we have made; the estimate in (4.2) becomes

{| Kb |or + | GY |or < constsﬂ“e‘l’\ae*‘)“b*‘”(’y’)”C

P
v = (constﬁT’fz)zﬂﬂ”Y;
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the estimate for 0 in (4.3) becomes (constz£—).
Byw

In Proposition 3 and Corollary 4 D', F’ and W’ are Hermitian and V = U*;
the smallness assumptions (4.4) and (4.9) are given by

e S f(pgp (Ozfo/)dim[:), f _ (CﬁL;ﬂ)efﬁ)\a

and ,

p—p

e < min[¢*(a — a’)dimﬂ,g( (o — a/)dim[,)]

B
respectively; the estimate for 4" in (4.5) and (4.10) becomes
B’
v o= ()

Cp

the estimate of § in (4.8) and (4.12) becomes (Cﬁ).
In the multi-level case the proof goes through in the same way and all the
results remain the same with obvious modifications.

5 Block clustering

The result in Corollary 4 depends on v — it is better the larger v is. In general
we cannot increase v, but it may happen that the Q-blocks of

D e NF(a, 8,7, A\ 1, v, p; E, Q)

cluster into bigger blocks with a better separation property. Indeed it may
happen that there are unions of blocks Q' = U;Q2% — the union depends on
x — such that

| Ba)— B@) | < p=>
(@)’ (x) = (2)°(x) or dist((Q)"(x), ()(x)) = v'. (5.1)
Of course Q' (x) is likely to be bigger so
Y(x)c{a:la|< N} and #Q < 4. (5.2)

Since D is on normal form and therefore satisfies (2.5) it is natural to expect
that

dist(0 (2), 0% (z)) > v (5.3)
for all smaller blocks Q2% building up €'
Definition. The Q-blocks of D € NF(a, 8,7, \, i, v, p; E,Q) are said to be
CN, V") — clustering into Q' — blocks
if (5.1-3) hold.
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Then we get a better result.

Proposition 5. Let D € NF(a,...,p;Q,P) be such that the Q-blocks are
C(N,u/',v")-clustering into Q'-blocks. Let F' and W be covariant matrices,
both smooth on P and satisfying

| FY Jor + | W2 |ex < eemelbmalqyh k> 0.

Then there exists a constant C — depending only on the dimensions of X and
L — such that if

/

e < min[§4(a ; a/)2dimﬁ’§(PT89 (a _ O/)dimﬁ)/ﬂ]’
f =: (05%12)3” e—SAa,

(5.4)

then there exist
D' e NF(, 3"~ N, u' . v, s ', P'),

truncated at distance V' from the diagonal, and covariant matrices U, V, F’
and W' such that

VID+F)WU = D'+F and VI+W)U = I+ W

with the following properties:

(i)

(5.5)

/

o <a, f=0+e)s
2

Y = () <y

(ii) for allk >0

(U =D lex + | (V=15 [ex + | (D' = D) |er< Ve 2 lomel(y/)
(5.6)

and D' — D is truncated at distance V' from the diagonal;
(iii) for all k > 0,

()] Jos 4 | (Vs e < <o bmel(y)s 6.7
e = e—%\/(lﬂ—SA)(a—a’); ’
(iv) F' and W' are smooth on

P'=R"P), R(P) = P(5))s(61+2v),

where

{n = gz log((' = 8\) (@ — o)) — loglog(2)] 58)

6= (Cyls)L.
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Proof. The assumption implies that D € NF(«, 3,7, N, 1/, v, p; ', P). Ap-
plying n times Corollary 4 would give the result, but with a smallness condi-
tion (5.4) that depends on X, p/. But the occurrence of the block dimensions
and block extensions enters through the block splitting and this only depends
on A, since D € NF(a, 3,7, A\, , v, p; ,P). The block dimension ' enters
however in the estimate of | E' — E' | which is reflected in the second smallness
condition in (5.4).

Though Proposition 5 is not a corollary of Corollary 4, the proof is word
by word the same as for Corollary 4. O

5.1 Choice of parameters

How good must this clustering property be in order for us to apply Proposi-
tion 5 iteratively? We want sequences o, 8;,7;, Aj, i4, V4, pj, € satisfying for
all j > 1

Bivr = (L+/E5)B;
1

105\ 78
rom = (4205, 59
ejp1 = e~ 5V =8N (@5 —a4)

3 .
12H]‘ 6—32Ajaj( 1)2d1m£7

g < minl(Cgls) aj = Qjt
(L _ﬁi'Hl (aj — cvjqq) M £)2041] (5.10)

_ —2j 2dim L
g < e a;j ,

where C' is the constant of Proposition 5.
If we assume that €; < e/, then §; < constf; for all j, and it suffices
that

Cp; )36u§ o~ 96X
b

6 dim L,uj_H
2 )
51!143'

g; < min|( (@ — 1)

(M)Mﬁﬂ L],

203

How shall we choose the sequences o, Aj, i, V5, pj so that (5.10) is fulfilled
for all 5 > 1. In order to simplify the discussion we assume a weak decay
condition on the «;’s and the p;’s:

aj —aj >477a; and p; —piy1 > 47 p; Vi > 1.
These requirements leads to the conditions

. . i : :
VRO ) o Y1, Y, gy

—————) < a1 < min — O, —
23"‘6,uj+2d1mﬁ It [ 47 ],2J+6)\j+1

exp(
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and
JUir 10 4 49 — 1 p;
exp(—— J6+1 1) < Pl < 0 (5.12)
20F6 11510 B 4 B
and

log(-)1og(Aj1) 42

J

) log (1) u;
VVireg > 2 0dim L g}\(%?ﬂy+2 (5.13)
3

26143
IOg(%)M?-i-l'

where the first two conditions make (5.11-12) possible.

Hence, if the C(\j11, ftj4+1,7j4+1)-clustering satisfies (5.13), then we can
choose o1 and pj4q according to (5.11-12), and (5.10) will hold for all
j = 1if it holds for j = 1. Notice that in the Hermitian case yj4o can be
replaced by g1 in (5.11-13).

Proposition 6. Let D1 € NF(ay,...,p1; FE1,Q1,P1) and let Wy and Fy be
covariant matrices, smooth on the P1, with W1 =0 and

| (F1)8 Jer < epe@lbmalyk w0

Then there exists a constant C' — depending only on the dimensions of X and
L — such that if the sequences o, 85,7, Aj, b, Vi, pj, €5 satisfy (5.9-10) then
the following hold.

(1) If the Qq-blocks are C(Az, pa, vo)-clustering into Qo-blocks, then there
is an J > 2 such that the statement (Sy) holds: for all 1 < j < J there exist
Djt1 € NF(aji1,---spj+1s Bjrr, Qje1, Pisa),

truncated at distance vj4q from the diagonal, and matrices U;, Vj,

Vi(Dj + Fj)U; = Djpa+ Fipa,  Vi(I+Wy)U; = I+Wip

that satisfy (5.6 — 8);.
(II) If the Q2 ;-blocks are C(Ajy1, phyt1,Vys1)-clustering into Qyy1-blocks,
then also (Sj4+1) holds.
(III) If (Sso) holds, then there exists a matriz U such that
U(z)"(D(x) + F(z))U(z) = Duo(z), VzeX,

and Dy () is a norm limit of D;j(x). If D and F are Hermitian, then U is
unitary.
(IV) Let n; be the measure of the set of all x € X such that

#{ a |[< v +2) | Bf(z) — Ej(z) [< pj} > 1.

If >"m; < 00, then Doo(x) is pure point for a.e. x.
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Proof. (I-III) are direct consequences of Proposition 5. We get U and U~ as
the norm limit of the compositions

U\Uy...U; and V... ViV
If Y"n; < oo, it follows that for a.e =
Hl a[<vip +2X; | Ef(2) - Ej(2) [<pj} =1, Vj = ()
This implies that the blocks stop increasing, i.e.
Qj(x) = Qay(2), Vj=j),
for a.e. z € X. This proves (IV). O

In the multi-level case the proofs goes through in the same way and all
the results remain the same with obvious modifications.
We can describe this perturbative process with a diagram.

eg ~ Fy + D, € Nf(a1,---,,0139177’1)‘

3
(8 == ’C()\g, p2, Vo) — clustering
\

g2 ~ Fy + Dy € ./\/]:(Ozg,...,pg;Q%Pg)‘
)
J sEeE= ’C()\g, 3, v3) — clustering
3

e3 ~ F3 + D3 € Nf(ag,...,pg;ﬂgmg)\
\’
I3 e ’C(M, 4, V4) — clustering
)

Figure 1

6 Transversality of resultants

In this section we shall derive some estimates of the resultants of the matrices
D; constructed in Proposition 6, which will prove essential in showing the
clustering property of blocks.
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The resultant Res(Dy, Ds) of two square matrices D and D5 of dimension
my and meo, respectively, is the product of the differences of the eigenvalues,

i.e.
H(@i = fi),

where e; and f; are the eigenvalues of Dy and Dj respectively. All the eigen-
values are counted, so this is always a product of mi;ms many factors. The
resultant measures the difference between the spectra of the two matrices.
For example

|€1 - | < e :>| ReS(Dl,DQ) | < 5(| Dl) | + | Dy Dm1m271'

The resultant Res(D;, D3) = det xp,(D1), where xp,(t) = det(Ds — tI)
is the characteristic polynomial of the matrix Da. xp,(t) is a sum of < ms!
many monomials of degree mq in the matrix elements of Dy —tI. Introducing
D for t we get an m X mi-matrix whose elements are < mgl(ml)mrl many
monomials of degree mo in the matrix elements of these two matrices and in
their differences. Taking the determinant gives this number to the power m,
times my!. This shows that Res(D1, D2) is a sum of less than (mqmg)™1™2
many monomials of degree less than mjms in the components of D; and Dy
and their differences.

Moreover

Res(Dy,Dy) = []det(Dy — f;1).

This formula shows that if D; = D, +sl§2, then Res(D1, Do) vanishes to the
order m; = msy in the variable .

For a given normal form matrix D € NF(a, ..., p;Q,P) consider, for any
a,b € L, the resolvents

Ugp(z,y) = RGS(DQa(a;_;,_y)(I+y),DQb(£)(I)).

Since D is smooth on P we get immediately that u, ; is smooth when z, z+y
vary over the pieces of the partition T, *(P(\)) vV T, *(P()\)) and that

. 2
a.b Ck > H = . .
| tUap [or < (A X2B) AR VE>0 (6.1)

Since uq q(z, y) vanishes to order #Q% in y we get for u, o(z,y) as a function
of x, with y fixed,

“ im 2 (k+ 7 |
| ta.a(sy) ler < [y [F2 (@™ pu2)m (%)w ¥k >0. (6.2)
Consider now the conditions: for all z,y € X and for all ¢
1 k
- < |
Orgnl?gj | (k[)Q,-yk ayiua,b(xay) | = 0O, (6 3)
1 & § .
N2~k > #(Q% (z+y)NQ° (z)) -
o2y | Gy fnitar ) [ 2 1y S 6

where J = #0%(z + y) x #Q%(z)s and s is a fixed parameter.
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Definition. We say that D € NF(«a, 3,7, A\ p, v, p; Q) is (o, s)-transversal
on the Q-blocks, denoted

De N.}—(Oé,ﬁ,’%A,,U/,V, p7Q)&T<Ua 8),

if the functions uap satisfy (6.3-4) for all x,y such that Q%(x+y) and Q°(x)
are disjoint or equal.

Lemma 7. Assume that
D e NF(a, 8,7, A, 1, v, p; 2, P)&T (0, )

is truncated at distance v from the diagonal, and assume also that the Q-blocks
are C(N, p',v")-clustering into Q'-blocks. Let

D' e NF(a/, B\~ N o/, p's P
be a perturbation of D
(D' = D)Y | < vEe $hal(y)f vk >0,

If
e < C(u’f(%)?sw'f(%)48(;/)4 (6.5)
then
D' e NF(, B+ N v, p'i U PH&T (o, 5)
for any
o < O(u’)“(%)S(u’f(%)swﬂ (6.6)

The constant C' depends only on the dimensions of L and X, and on s.
Proof. Consider first the case (6.3). Let
Ue,a(z,y) = Res(Dane(aty) (T +Y), Dirya(a)(2))

where )

Q°c = us, () = v,
are unions of less than g/ many Q®’s which are separated by a distance at
least v. Since D is truncated at distance v from the diagonal we get that

ﬁc,d(xa y) = H Uq,b-
a,b

Then by Lemma B2

| W@@am(w) BX

max
0<k<s(n')?
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Let now

U;L,d(.’ﬂ, y) = ReS(DEQ/)"(w-‘,-y) (33 + y)7 DEQ/)d(;c)(x))
Then

|l (2, )=Tie,a(m, ) lor < VEATX (1)2) D+ (542 W ()E E >0

which gives the result.

The case (6.4), when the blocks are disjoint, is proven in the same way. In
order to see (6.4) when the blocks are equal we consider v, (2, y) = uqp(x,y)
when Q%(x +y) N Q%(x) = 0 and

1
Ua,b(m7 y) = ua,b(‘xa y)Wa

when Q%(z +y) = Q°(x).
We define 7. 4 and v;d in the same way as .4 and “/c,d using v instead of
u. We now apply the same argument to the v:s as before to the u’s. O

6.1 Choice of parameters
We want sequences o, 85,74, Aj, [y, Vj, P, 04, €5 satisfying for all j > 1

Bi+1 = (1+ /E;)B;

2
1 BiniNTud
Yivr = (=55

ei41 = e Vvr—8A)(a—az) (6.7)
gij+1 = C#?“(C#)l%“?“ﬁl(%fﬂ?ﬂ’
and, besides (6.8)=(5.10),
e < Ot (L yto (T2, (6.9)
Vi+1 '

where C' is the smallest of the constant in Proposition 5 and Lemma 7.
How shall we choose the sequences A;, uj, v, @, p; so that the two condi-
tions (6.8-9) are fulfilled? If we assume that

Pi+1 = 4sp; Vi =>1

it follows that
CO’l Pj

b

Tjr < (=),

Then we are lead to (6.10)=(5.11),

__ | i1,
Vi1t o e o Ao 1py (6.11)

ECTP\ —— -
ol 2046 (py o piy2)® T B T A By
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and

log(5-) log(Ajs1)pjis2
log(o=)(p1 - - - p1j12)°

VVit10; > (2s5)715(dim £) \/ﬁ (6.12)
50

ﬁlﬂ?+1

log (=& ) (1 - pj12)°.

The clustering required by (6.12) is much stronger than (5.13) but it will be
fulfilled in the applications we have in mind.

Proposition 8. Let D1 € NF(ay,...,p1; E1,Q1,P1)&T (01, 8) and assume
that the Dy is truncated at distance vy from the diagonal. Let Wy and Fy be
covariant matrices, smooth on Py with W1 =0 and

|(F)! Jer < evF VB> 0.

Then there exists a constant C — depending only on the dimensions of X and
L and on s — such that if the sequences oy, 85,75, Aj, lj, Vi, pj, 0, €5 satisfy
(6.7-9) then the following hold.

(1) If the Qq-blocks are C(Aa, pa, vo)-clustering into Qo-blocks, then there
is an J > 2 such that the statement (S;) holds: for all 1 < j < J there exist

Dji1 € NF(ojr1, -5 P41 Ej1, 1, Piy1)&T (041, 5)
and matrices Uj, Vj,
Vi(Dj+ Fj)Uj = Djp1+ Fjpa,  V;(U+WyU; = T+ W

that satisfy (5.6 — 8);.

(I1) If the Q;-blocks are C(Ajt1, hy+1,Vi+1)-clustering into € j1q-blocks,
then also (S’ ,,) holds.

(II1) If (S.,) holds, then there exists a transformation U such that

U(x) ' (D(z) + F(2))U(z) = Doo(z), Ve X,

and Dy (z) is a norm limit of D;j(x). If D and F are Hermitian, then U is
unitary.
(IV) Let n; be the measure of all x € X such that

#{l o [<vipr +2X o Ef(z) — Ej(z) [< pj} > 1.
If >~ < 00, then Doo(x) is pure point for a.e. x.
Proof. Immediate consequence of Proposition 6 and Lemma 7. O

In the multi-level case the transversality condition applies to the resultants

Ua,i),(0,)) (T, Y) = Res(Dqasi(ziy) (T +Y); Dapi@) (7))
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The proofs goes through in the same way and all the results remain the same
with obvious modifications.

We can describe this perturbative process with the diagram in Figure 2. In
the next section we shall consider only matrices over T with a Diophantine
quasi-periodic group action, and then we shall see that transversality on
blocks implies clustering of blocks and the diagram will then be closed.

’51 ~ F + D € N]—'(al,...,pl;Ql,Pl)‘ & T(O’l,s)
J J
(3 e ’C(}\Q,,LLQ,VQ) — clustering‘ [}
I i3

’2’:‘2 ~ Fy + Dy € ./\/'.7:(042,...,[)2;92,732)‘ >==& T(O’Q,S)
N3 i3
() == ’C()\g,,u?,,yg) — clustering‘ (!
) \

’63 ~ F3 + D3 € N]:(Oég,...,pg;Qg,'Pg)‘ ==& T(Ug,s)
) U
U = ’C()\4,;L4,1/4) — clustering‘ [}
(3 %

Figure 2

7 A Perturbation theorem

In this section we shall restrict the discussion to the circle X = T and the
L-action

T: T—T
LxT— (7.1)
(a,2) = (x+ < a,w >)
where w is a Diophantine vector
1< a,w > > ﬁ Vae £\ {0} (7.2)

— 7 >dim £ and k > 0 are fixed numbers. The numbers 7, x will appear in
the estimates but since they will be fixed throughout the iteration we shall
not make them explicit in our notations.

We shall use the Diophantine property in Lemma 9 and also in Lemma
11 where we shall make a particular choice of the partitions P;. In Lemma
10 we make use of the first transversality condition (6.3), and in the proof of
Theorem 12 we also use the second transversality condition (6.4).
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Definition. We say that the eigenvalues of D € NF(a,...,p; E)&T (o, s)
have almost-multiplicity < %/ if, for all x and for all t < p, the inequality

B > ¢~
| E(z +y) — E( )|>t(ﬂ)

1s fulfilled outside at most %’ many intervals of length less than

_1_
)5;42 .

ql~

2(46u") (
Lemma 9. Let the eigenvalues of

D e NF(a, 8,7, A\, p, v, p; E, Q, P)&T (0, 5)

have almost-multiplicity < %/ and assume

b < Gy e (7.3
Then
D e NF(a, 8,7, A\ iy vy p; E, Q, P)&C(N, 1, V)
for any
/ 2%(4&,)%(%)@2, N = /;/(u’ +2)). (7.4)
Proof. For each z, /
| Bl +y) = B@) > o)

is fulfilled outside at most % many intervals of length less than

1 1
s

L = 2(40)7 ()57

If |< a,w >||< L it follows that

K1
> (=) = 8.
lal> ()* =8

This means that on distances of size less than S there are at most % many

p-almost resonant eigenvalues and, hence, at most £ many resonant blocks.
Each resonant block extends over 2\ sites so there must be a gap of size at
least £5(5 — 2/\%) > 578 = v/ between the resonant blocks. And unless
there is a gap of size 1’/ between the resonant blocks, they will extend over
distances which are at most X' = H;/(1/ + 2X). This proves the lemma. 0O
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We must now take into account the partition P of T. We shall for this
discussion fix an integer p and define | P | to be the minimum of the length
of the pieces, with the exception of the p—1 smallest pieces. Hence, all pieces
of P with the exception of at most p — 1 pieces have a length larger than this
number.

Lemma 10. Let
D e NF(a, 8,7, A 1, v, p; E,Q, P)&T (0, 5).
(i) Then the eigenvalues of D have almost-multiplicity < %/ with

/

% - 25”216§<46u2>“2<su2>2<p+ PO 7Y

(i1) Assume that the Q-blocks are C(N, /', v")-clustering into Q' -blocks, and
let
D/ € Nf(O/, /6/7 ’7/7 )\I7 ,U’/a Vl7 pl7 E/7 Q/u Pl)&T(J/7 S)

be a perturbation of D,
(D= DYl feo < Vel

If
/
< mi 8sp?(u)3 (T yasp2y' TN s 75
e < minf( P Ty PO ] (1)
and
po< ew, (7.6)

"

then the eigenvalues of D' have almost-multiplicity < ‘;7 with
o= p225(“/)2. (7.7)

Proof. Let u(x,y) be the resultant of Dy (2 +y) and Doy (2). u(z,y)
is smooth for y € I, x + I € P(X), and satisfies

lu(z, ) |or < B = (A" A% Vk>o0.

The eigenvalues of D are bounded by (Su, so if

E<x+y>—E<x>St<‘:>, L<p,

it follows that

!

| u(z,y) | < t(%)@ﬁﬂ)”z.
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We can now apply Lemma B1 to each interval I. It follows that, for each
x and each t < p

/

B s o
| Bl +y) = B@) 1> ()

is fulfilled outside at most £ many intervals of length less than
1 t.o_1_
Ly = 2(45)} ()7,

i.e. the eigenvalues of D have almost-multiplicity < %
In order to prove (ii) notice that the eigenvalues of Df,, and Dg differ by
at most 2’/ . Using (i) it follows that
tou
| E'(x+y) - E'(x) | > i(u)

is fulfilled outside at most £ many intervals of length less than L, if we let

, L
t = 48 pe .
By the second part of (7.5), each such interval is cut by the partition P’()\)
into at most p subintervals I.
By (7.6), p'(47) < %(%) so we can restrict to one of these intervals I. Let

u'(z,y) be the resultant of ‘Dgl/(z+y) (z +y) and Dgz,(x)(x), u/(z,y) is smooth
for y € I and satisfies

[ u/(z, ) Jer < B'(Y)F = (4B (W) (v)E vk > 0.
The eigenvalues of D’ are bounded by 3y, so if
"
[Blaty) =B < (05, 1<,
it follows that
Way) | £ Oy a0,
w

By Lemma B1 this defines a union of at most

25(’”( 85(( 2 +1)? 1] +1)

many intervals, each of which has length at most

/

246 ") ()T

By the first condition in (7.5) the number of intervals is less than

1
s

iQQS(H')Z
W
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7.1 Choice of parameters
We want sequences o, 35,7, \j, 4, V5, P, 04, € satisfying for all j > 1

Bi+1 = (1 + /E))B;

2
_ (1 Bin Tl
Yier = (5=52) "9

gj41 = o= 3V Wis1=8X;) (e —aji1)
4 . 3,2 TiNs 4
Oj+1 = C“J’“(Crfj@)ms’”“j“(ﬁj) Ho (7.8)
Ajp1 = (B (i1 + 2))
=025 2 ~ 2 _
pipr = P22, p =162 (401p3)" (sp3)? (p+ | Pr(M) [7)

; 10\ arsp?
Viy1r = 2:]11 (Sﬁij+1)T (%)47b“] )

where C' is the smallest of the constants in Proposition 5 and Lemma 7.

The question is now to choose a; and p; so that, besides (7.9)=(6.8) and
(7.10)=(6.9), also

i ] H sud
£ < mln[(m%)‘lsﬂﬁl, | Pj+1()\j+1) |4sp]+1]

My L)QTS“iO'j].

(7.11)
(ot
J=1 84185 A;

pj < minfe

Now \; increases at least as fast as 27, so if we define

1

"

then «; will decay exponentially fast. Since p; < €;2,, p; will also decay
fast. Then the conditions are fulfilled if p; satisfy

. 6
so= min[(%)(m”'u”l)ﬁa/’;mmﬂjﬂ) A Pira () [F45]
1
Pj < 6;11
If we let

. 6
pirt ) = g, (7.13)
which defines p; inductively, then these conditions amounts to

3
Silat B

L Cor. G —toer
p; < min[(—), o Py (Nyg) | Te® ], (7.14)

e

The first two conditions are easily seen to be fulfilled because p; decays
superexponentially. We now must discuss the partition and Pjy1(Aj4+1).
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Lemma 11. We can choose the partition P’ in Proposition 5 in such a way
that the endpoints of the pieces of P'(N), for any N are contained in

1,1
U{T,(endpoints of P) :| a |< (11X + 20/ + E(f)”’l)n + N},

)
where .
P \2

6 = (C=—=)*"=
( ﬂ/ﬂ) gl

and ) )

_ /_ _ ! _ =

n = 210g2(10g((v 8A)(a — o)) —loglog(2)).

(When P has only one piece we can let an arbitrary point be its “endpoint”.)

Proof. Due to the Diophantine condition (7.2) any interval of length ¢ will
contain at least one element of the orbit {T,z :| a [< L(3)7+!} for any z, in
particular for € P. Hence we can choose such points as endpoints of the
partition into pieces of length . Since

P =R"P, RP =P(5M)s(6X + 2v),
the result follows. 0O

It follows that the partitions from Proposition 8 can be chosen so that the
endpoints of P;()\;) are contained in

U{T, (endpoints of P) :| a |< J;}

where
J 11 1 2
Ji = A+ 1IN 4+ 2v + = (—)"Hn; < (=—— )2+t K1,
)= N A 2 ()T ()
= (log((vi — 8Xi—1)(ev ) — loglog(—))
n; = 210g2 og(\Vq i—1 )\ Q-1 Q; 0g log £i1 )

where B = B(k,7,s,dim L, 31,71, 1#1). This implies that any interval of

length
K

< 77
Jj

intersects at most p = #P; many pieces of the partition P;(};), i.e.

k T 2
[Pi) |2 57 = (5Bpja) Tk,

T

J
The third condition on p; in (7.14) therefore becomes

2 3
ar(r+1)p24sud

pj < (kBpj) (v

which is fulfilled if for example y? > 16s7(7 + 1).
We can now derive the following theorem.
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Theorem 12. Let D € NF(a,...,p;Q,P)&T (0,5) be covariant with re-
spect to the quasi-periodic L-action (7.1-2), and assume that D is truncated
at distance v from the diagonal. Let F be a covariant matriz, smooth on P

and
| b |or < eem@lbmalak k>,

Then there exists a constant C' — C depends only on dim L, K, T, s, a, (3,
Yo\ oy Uy p, 0, HP — such if e < C then there exists a matrix U such that

U(z) ' (D(z) + F(2))U(z) = Doo(z), Ve X,

and Do () is a norm limit of normal form matrices D;(x). Moreover Do ()
is pure point for a.e. x.
The limitlim;_o E;(x) = Ex(z) is uniform and satisfies, for ally ¢ 2nZ,

Lebesgue{z : Ex(z +y) — Ex(z) =0} = 0.
Moreover, if the E;’s and Ew are real, then for all subsets Y
Lebesgue(EL'(Y) =0 if Lebesgue(Y) = 0.
If D and F are Hermitian, then U is unitary and Do, is Hermitian.

Proof. Define the sequences aj, B, 7;, Aj, 145, Vi, pj, 05, €; by the formulas (7.8)
and (7.12-13), starting with «, 8,7, A\, u, v, p,0,¢. Then they verify the as-
sumptions (6.7-9), so we can apply Proposition 8, and (7.11), so we can
apply Lemma 9-11.

Use now Proposition 8(I-II). By Lemma 9-11 we get C(A;, u;, v;)-cluste-
ering for all j > 1, hence statement (S’«) holds. The first part of the theorem
now follows from Proposition 8(III) — it also gives the Hermitian case.

In order to prove that D (z) is pure point for a.e.  we must estimate the
number 7); in Proposition 8(IV). This is the only place where we use condition
(6.4).

For each a in | a |< vj41 + 2A; we consider

uj(z, v+ aw) = Res((Dj)Qj(z+y) (z + aw), (Dj)Qj(z)(x))

and the set 0;
| uj(z,z +aw) | < ;g.
B’
Using Lemma B1 we get that this this is a union of intervals of length less
than

2 (V‘+1—|—2)\‘)T S“%
Ly = Z(ep i L2 )5s
Vi ok

The number of intervals does not exceed

su21 Vi (Vi1 +205)T 2
My = g PNy (2 1 1)2 4 )
J
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This gives an upper bound for 7;,
n; < const(vjpq + 2X;) " EL; M;

and the verification that
D m < o0

is straight forward (with the choice we have made of v;1).

The limit is uniform since
| Byri(@) — By(@) | < | Dyya(a) — Dy(a) |
Clearly,
{z: Exo(z4y)—Eco(x) = 0} C {z:| Ej(z+y) - Ej(2) [<| Doo(z) = Dj(2) [}

and this set is easy to estimate using the transversality on blocks of the
matrix D;.

Suppose now that the E;’s and F., are real and let Y be a set of measure
0. We can use a covering U;I; D Y with the following property: each I; is
contained in an interval I;, and each I; is contained in a piece of the partition
P;.(N,), ji > J, in such a way that its distance to the boundary of I; is at
least

| Doo(2) = Dy () | -

Then Ej, is smooth on I; and

ZLebesgue(Egol(Ii)) < ZLebesgue(Ej_il( i)

This sum is easy to estimate — it is essentially equal to its first terms because
of the rapid convergence — using the estimate of the resultants. Since we can
do this for any J, this shows that the measure of E_!(Y) is 0 if the measure
of Yis0. O

In the multi-level case the proofs goes through in the same way and all the
results remain the same with obvious modifications.

We can now complete the diagram of this perturbative process in Fig. 3.
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eg ~ Fy + D, € N}"(al,...,pl;Ql,Pl)‘ & | T(o1,8)
J 4 \
(8 e ’C()\g, a2, V2) — clustering ‘ (8
\ \

ey ~ Fy + Dy € Nf(ag,...,pz;az,%)\ ===& |T(02,5)
\ I \
(3 = ’C()\g, i3, v3) — clustering ‘ [}
) U

s ~ Fy + Dy € NF(as,...,p5;0,Ps)|  ===& |T(03,9)
\ 4 \
[k e ’C()\4, {4, Vs) — clustering ‘ (!
J \

Figure 3

8 Applications

8.1 Discrete Schréodinger Equation
We consider the equation in strong coupling
—e(Ups1 + Un—1) + V(0 + nw)u, = FEuy,, n € 7, (8.1)

where V' is a real valued function on the one-dimensional torus T = R/(27Z)
and w is a real number. We assume that V is piecewise Gevrey smooth on a
partition with p many pieces and

| Vier < B VE>0. (8.2)

The functions V(0 + y) — V(0)) satisfies for all 6,y the two transversality
conditions

maxosess | (V0 +y) = V(0) | > 0 3
maxo<k<s | O (V(O+y) = V@) [ >yl
We assume also that w is Diophantine, i.e. for some 7 > 1,k > 0
| nw || > ﬁ Vn € Z\0. (8.4)

Theorem 13. Under the assumptions (8.2-4) there exist a small constant
eo(p, B,7,8,0,K,7) and, for all | € |< eg, a function E(0) such that for
almost all € T and for all k € Z, equation (8.1) has a solution u* € 12(Z)
with E = Eo (0 + kw). The set {u* : k € Z} is an orthogonal basis for 1*(Z).
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If we identify the right hand side of (8.1) as an operator Hy, then the
statement says that Hy is pure point for almost all . The spectrum of Hy is
the closure of Range(FE+) and it is easy to verify that the Lebesgue measure
of [inf V,sup V] \ Range(E) goes to 0 when € goes to 0.

Proof. We identify (8.1) with a matrix D + ¢F as in the introduction. The
matrix D is diagonal and

D e NFla=1,8,v,A=1Lu=1Lv=1,p=1).

Since

1 Lk ~
e — — > =
o5 | Gapr (V0T =V 2 o = 2

and similar for the #-derivative, we have also D € T (4, s). The perturbation
eF satisfies
| (eF)8 |or < (ge)e e wi >0,

The theorem is now an immediate consequence of Theorem 12. 0O
In weak coupling we consider the equation
—(Unt1 +un—1) + V(0 + nw)u, = FEuy,, n € 7Z, (8.5)

where V is a real valued function on the torus T¢ and w € R?%. We assume
that V is analytic, satisfying

sup |V (0)] < 1, (8.6)

|S0)<r -

and that w is Diophantine, i.e. for some 7 > d,k > 0

K
| k|7

< k,w>| > vk € 24\ 0. (8.7)

Theorem 14. Under the assumptions (8.6-7) there exist a constant eo(r, Kk, T)
and for all | € |< eg a function Ex (&) such that for almost all € € T and for
all k € Z2, equation (8.5) has a solution

uicl — ein(£+<k,w>)Uk(9+nw)

in 1%°(Z) with E = Eo(é+ < k,w >). The set {U* : k € Z4} is an orthogonal
basis for L?(T9).

Proof. The equation for U € L?(T?) is identified, in Fourier coefficients, with
a matrix D + eF as in the introduction. The matrix D is diagonal and

1
D e NFla=rf=2yv==-A=1Lu=1Lv=1,p=1).
r
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The eigenvalue is E(§) = cos(€) and the functions F(§ + y) — E(&) satisfies
the transversality conditions (8.3) for all £,y with some o and s = 2. (Any
non-constant analytic function with primitive period 27 satisfies condition
(8.3) for some o, s.) Hence D € T(5,2). The Fourier coefficients of V' decays
exponentially with the factor « = r which shows that ¢F satisfies the re-
quired smallness condition. The theorem is now an immediate consequence
of Theorem 12. O

These two theorems claims nothing about exponential decay of the solu-
tions u* or analyticity of the U¥, i.e. exponential decay of its Fourier co-
efficients. The uniform exponential decay of all the u*’s is measured in the
iteration process by the sequence «; which goes to 0, and must do so. If we in-
stead let o vary over the partition so that we had one a-value for each block,
it follows from the proof that «;(z) stops decaying towards 0 as soon as the
blocks €;(x) stops increasing. This will give exponential decay. (Exponential
decay of eigenvectors have been proven in [3,4,6].)

8.2 Discrete Linear Skew-Products

We consider first the weakly perturbed skew-product of the form
Xpi1— (A+eB(l +nw) X, = EX,, n €7z, (8.8)

where A € GI(N,R), B : T — gI(N,R). We assume that B is analytic,
satisfying

sup | B(#)| <1 (8.9)

|S0|<r o
and that w is Diophantine.

Theorem 15. Under the assumptions (8.7) and (8.9) there exist a constant
eo(r, 5, 7) and, for all | ¢ |< eq, functions EI_(€), j = 1,..., N, such that
for almost all ¢ € T and for all k € Z%, j =1,...,N, equation (8.8) has a
solution

Xk = gn(Ek<kw>)yki (g 4 pw)

in 1°(Z) @ CN with E = EI_(¢+ < k,w >). The set of functions {Y*9 : k €
7%, j=1,...,N} is an orthogonal family in L*(T%) x CN.

Proof. Assume first that A is semi-simple. Since we construct complex-valued
solutions we can without restriction assume that A and B are complex valued
and that A is diagonal with diagonal elements ay,...,apn-

The equation for Y € L?(T9) ® C¥ is identified, in Fourier coefficients,
with a matrix D 4 ¢F as in the introduction. The matrix D is diagonal and

1
D e NFla=rBy=-A=1Lu=1Lv=1,p=1),
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with 8 =| A |. It is now a multi-level matrix with eigenvalues
EV(E) = € —ay, j=1,...,N

and the blocks Q7 = {0} x {j}, j = 1,..., N. The functions E*(¢ +y) — EI(€)
satisfy the transversality conditions (8.3) for all £,y with some o and s = 1.
Hence D € T(5,1).

The Fourier coefficients of B decays exponentially with the factor @ = r
which shows that e F' satisfies the required smallness condition. The theorem
is now an immediate consequence of Theorem 12 — multi-level version.

The case when A is not semi-simple is almost the same. The matrix D is
still on normal form,

1
D e NFla=rB7y==-A=N,u=Nv=1p=1),
T

with 8 =| A |. It is still a multi-level matrix with eigenvalues
Ei(¢) = eiE—aj, j=1,...,N

but with the blocks Q/ = {0} x {1,...,N}, i =1,..., N, reflecting that it is
block diagonal instead of diagonal.

The transversality of the functions E* (¢ +vy)— E7(¢) implies D € T (6, N?)
through Lemma B2. Now we can apply theorem 12. O

The right conjecture about equation (8.8), under conditions (8.7,9), is the
following: for E = 0 (or for any fixed E), if € is small enough then (8.8)
has a Floquet representation for almost all matrices A. This means that the
fundamental solutions can be written as

"2 Z(0 4 nw), n € 2,

where Z : T¢ — GI(N,R) and A € gl(N,R). Theorem 15 and its proof is
probably not so far from proving this conjecture.

An even stronger result may be true: instead of “almost all matrices A”
we may put “almost all matrices in any “generic” one-parameter family A;”.
Such a result has been proven for certain one-parameter families in SI(2,R)
[13] and in compact groups [17,18].

The application to the strongly perturbed skew-product (1.4) is straight
forward, but the continuous Schrédinger in one dimension in strong coupling
(1.5) is more delicate. Theorem 12 will not apply to the discrete equation
(1.6), derived from (1.5) in the introduction, since W will not satisfy the full
transversality condition. It seems however that W is transversal in a neigh-
borhood of W~1(0) when FE is close to inf V, if V is transversal near inf V.
We therefore believe that when e small enough and when F is sufficiently
close to inf V, then the spectrum of the operator (1.6) is pure point near 0 —
this has been proven in some cases [4].
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A  Appendix A

Gevrey classes

Let u;,7 = 1,2 be smooth functions in the Gevrey class Gy, defined in a
convex set V in R?, and consider the norm

1
| uj |c =: sup sup | Qaluj(ac) |
o<i<kzev  (I!)

— here k and [ are multi-indices in N,

Lemma A.1 Assume that | uj |cr< ﬁjvk, Yk > 0. Then for allk >0
(i)
| urug [or < 4%(B182)7;
(1)

e for < etk

(iii)
| VI+ur oo < (146" if 496 < 1;

(iv)
46,

1 L
— xS = .
oS S 0w l>0

Proof.
k
0 | =1 ¥ (7)o motu,
0<i<k

(BB (k)% S (’;) (k= 1Y?

12
0<i<k (k)

IN

and the result follows since

ORI (P> ()lwd

0<i<k

for all k — just notice that( ) >2bif ; < k

We use the power series expansions of e* and /1 + u which converges
absolutely in | u |< oo and in | u |< 1 respectively, to prove the second and
third estimate.
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Notice that | u; |> ¢ implies that 8; > 6. By a scaling we can suppose that
6 =1 and By > 1. The fourth statement is obvious for k = 0 so we proceed
by induction on | k |. Hence

D =1- 3 (})o o

L o<i<k, 1£0 1
- D2((k — 1))
< 4AH=1) (£1)2 (8, ) B 7k — DY)
) O;kQ) (k!
< (R)2(47B1)".

O

Remark. The preceding lemma is valid also for matrices if we understand
by % the inverse of u, and if we use the operator norm satisfying

|uo [<[ul[v].

Estimates of eigenvalues

Let D(x) be a m x m-matrix, smooth in a convex set V in R¢ containing 0,
and let {E7(x)}T* be a continuous choice of its eigenvalues.

Lemma A.2 (i) ‘
| EY(z) | < | D(z) |
(i) 1

. . _ 1 1
| El(x) — E’(2') | < 4| D | ™| 8D |3| x — o'
(iii) If D is Hermitian, i.e. D' = D, then

| B (2) — E7(a) | < [ 9D(x) |eo| @ — 2 | .

Proof. (i) is obvious. To see (ii), let I be the segment joining = and 2’ and
let § =| E*(z) — E'(2') |. Then there is an 2" € I such that,

(PO |2 (™ A= B,

where P(A\,z) = [[%,(A — E9(x)). (This is a well-known inequality of
Chebyshev — see e.g. [28].) Hence

(%)m < | P\ x) =P\ a") | <[ 0P, ) |eo] @ — 2" |.
Since

|0,P| < ) |det(D'...0,D7...D™)[ < > |oD! | D"

Jj=1 i,5=1
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and 3 | D! |<m | OD | the result follows.
To see (iii) let ¢’ (x) be the eigenvector corresponding to E’(x). Then

(D(x) = B (2)I)¢’ (z) = 0,

and if we differentiate the relation and take the scalar product with ¢7(z)
and use that the eigenvectors are orthogonal, then we get an estimate of
OF7. When E; and ¢’ are not differentiable one uses the same argument
with a difference operator. 0O

Better estimates requires separation of eigenvalues. Assume that

|Dex < BY* VE>0.

Lemma A.3 Assume that the eigenvalues belong two groups
El(x),...,E"(x)
E"tY(z),..., E™(x)

such that any eigenvalue of one group is separated from any eigenvalue of the
other group by at least v for all x € V. Then the polynomial

[T - Bi(a) = Y- ens @)V

Jj=0

is smooth in V and satisfies

ol < (7)o (om0 vz o,
If D is Hermitian, then we also have
| 0e; |eo < (j) By
The constants are independent of m.

Proof. Notice that r > 20, and that the sup-estimate of the coefficients and,
in the Hermitian case, of the first derivative of the coefficients follows from
Lemma A.2. By scaling we can assume that § = 1 if we replace r by %

The polynomial P(\, z) = det(A — D(x)) satisfies
| P(\, ) |ex < ((const)™y)* Yk >0,

if just | A |< 2.
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Choose a curve A(z) in | A [< 1+ § — piecewise constant in = — keeping
a distance > % to all the roots E'(z),..., E™(x) of P(X,z) and surrounding
the first n of these roots. A(z) may consist of several components so we can
choose it to be of length at most nwr. Then we have for all A € A(x)

| P(A, @) |
| O\P(\,x) ‘
P(\x)

> (5" =p
< 2m,

T

Using this we verify, as in Lemma A.1, that

P\ x) 2m 1
—_— o £ — t)" — k>
2P0 < P eons)m I w20

— where we have used the Cauchy formula to estimate | IyP(A, ) |ex on
[AI<1+ 1.

Consider now the power symmetric functions in the first n roots: p;(z) =
EY(z)? +---+ E™(x)?. We have the integral representation
1 \ P\ x)

= dx,
2w A(z) P()\,I‘)

p;(x)
from which we get

; 1
| pj ler < mn27((const)™ )k Yk > 0.
p

The e;’s are the elementary symmetric functions in the first n roots and
we have the relation

w10 0
_ P2 1 2 0
(-1)

ej = —~—det|pPs p2 P13
4!
pbj Pj-1 Pj—2 DPj-3

for j > 1 [29, page 20] — of course ey = 1. So jle; is a sum of at most 2/ many
products
le"”’lea Ll+"'+bl:j§m7

each with a coefficient that is at most (j—1)-(j—2)----- l. From Lemma A.1
we now get the estimate we want. 0O

Orthogonalization

Let v',...,v™ be vectors in C" which are smoothly defined in a convex
neighborhood V' of 0 in R?. Assume that v*(0),...,v™(0) is ON and that

| v e < BYF VR >0,

for j =1,...,m. (This implies in particular that § > 1.)
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Lemma A.4 Then there is a constant, independent of m, and an upper tri-
angular m x n-matriz R, R(0) = I, smooth in

const
W={x:|z|< nv,
oo |< S22
such that
(w'...w™) = (v'...v™R

is ON and for all k >0

| R|cr < (constfy)F
| w? |ex < (constBy)F.

Proof. Since v',...,v™ is ON at = 0 and has derivative bounded by 37y it
follows that, for k£ > 0,

|< v8 09 >|en< —COT‘;“ 1#£ ]
< o' vt > 1 e < S
in |z |< €t Tn particular they remain linearly independent and of norm
- Inp y y indep
< 2 if the constant is small enough.
Let now
m—1
o o= ™ — Z a;v*
i=1
and determine the a;’s so that < 9,,,v* >=0for all i = 1,...,m — 1. This
(3 mo b k)

gives a system of linear equation in the a;’s which we can solve by Gauss
elimination if the constant is small enough (independent of m). The solution
satisfies

| i for < stk i=1,....,m—1
D™ |ox < constfBy*

for all £ > 0.
If the constant is small enough we get
o>
b -
-2
and we can estimate w™ = |§:| by Lemma A.1. Then we proceed by induc-

tion. 0O

Subspaces and Angles

Assume now that A; and A are two subspaces in C™ with Ay N Ay = {0},
and recall that they come equipped with ON-frames
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Sublemma. The spectrum of the matrices AA2A5A1 and ASA1ATAs only
differ by an eigenvalue 0 of multiplicity =| dim Ay — dim A, |.
The spectrum of I — ATAaASA; is contained in [0, 1].

Proof. Notice that if A # 0 is an eigenvalue of AB, then it is also an eigenvalue
of BA, with the same multiplicity. Hence, the spectrum of AA* and A* A is the
same except possibly for an eigenvalue 0. Now the kernel of A* A is precisely
the kernel of A, so if A is an k X [-matrix of rank r then the dimension of the
kernel is [ — r. Since the rank of A and A* is the same, we get that 0 is an
eigenvalue of AA* and A* A of multiplicity k — r and [ — r respectively.

I A
If now A = and Ay = , then
0 B

NiAsAA; = AA*, AJAATA, = AA,

so the first first statement is proved.

Since AjA; = A* A+ B*B, we know that I — A*A = B*B. Now any matrix
of the form B*B is positive definite which implies that spectrum of I — A*A
belongs to [0, 00[ and to | — oo, 1]. This proves the second statement. O

We can now define the angle between A and Ay as the unique ¢ € [0, 7]
such that

Vdist(o(A{AA3A1), 1) = sin(p).

If these spaces are one-dimensional, this notion coincides with the “usual”
angle between vectors.

Consider now an m x m-matrix D, | D |< (3, whose eigenvalues belongs
to two groups that are separated by a distance at least r. Let A; and As be
the invariant subspaces corresponding to the two groups.

Lemma A.5 The angle between the spaces A1 and Ao

1 m+1 T m
> t—) "2 (=)D
2 (const—)"=" () :

B

if r < constf.

Proof. We can assume that

D:<S A>’
0T

where S and T are upper triangular with the diagonal elements of one sepa-
rated by r from those of the other. We now look for an mj x mgy-matrix R,
m = mq + mso, mo < mgq, such that

(0 ot - (5
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Then the vectors

o) = )

will span A; and As respectively.
For a matrix M denote by M; the matrix whose (k, [)-entry is M} if |-k =i
and 0 otherwise. Then

S=8y+-+Sm, T=To++Tp,, A=A_, + -+ Apn,.

The equation for R,
SR — RT = —A,
can now be written
SoR; — RiTy = —A; — > SR+ Y RiTy
k>1 1>1

for —m; < j < my. From this we get that

g

| R| < constm(=)"
r

It follows from this by Gram-Schmidt that we get an ON-basis for Ag

(5

where B is a triangular ms X mo-matrix whose diagonal entries have absolute
value

1 r
> const—(—

m- [
and | B | satisfies the same estimate as | R |.
If now v € C™2 with | v |= 1, then

A
1 ><BU> |>=1]Av|? + | Bv |%

)7rz+1

)

v

which implies that

(AP <1 = [feomsto (5™,
Since /] A*A | =| A, it follows that

|A*A| < 1 — [(const%(%)7"+1)m2]2a

which bounds the spectrum of A*A. Since sine of the angle equals the square
root of dist(c(A*A), 1), the result follows. O
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Block splitting

Let D be an m x m-matrix, smooth in a convex neighborhood V of 0 in R,
and assume that
| Dlex < By VE>0.

Lemma A.6 For any r > 0 there exists a D(zx)-invariant decomposition

smooth on 1
r
W = z |< (const—)2" 1NV

with the following properties:
(i) all eigenvalues of Dy, are r-close, i.e. for any given x

E and E' are eigenvalues of the same block D ()4, ()
= |E—E|< r;
(i)
Ay lex < ((eonstZ™mt vk >0
(1) the angles between the different A;’s are

> (constL)mz;

Bm
(iv) the matriz Q = (A1 ...Ag) satisfies
| Q7 |er < (constﬂ—m)zmz((constﬁ—m)‘lmQ'y)k Yk > 0.
r T

All the constants are independent of m.

Proof. We can take g = 1 if we replace r by % Make now a decomposition
of the eigenvalues of D(0) into as many ---separated groups as possible, and
consider the corresponding decomposition of C™ into invariant subspaces
> A;(0). Choose a basis v*(0),..., v™(0) which is ON in each A;(0).

By Lemma A.2 the groups of eigenvalues of D(x) remain 5—-separated for
x in

r

Bsm

Let { B (2)}7-, be the eigenvalues of D(z) and let Pj(\2) = [[(A\-FE'(2)),
where the product is over all eigenvalues except those associated to A; (0) -
by Lemma A.3 we have estimates of the coefficients of P;(\, x).

1
U={]z|< (const )mg}ﬂV.
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For v*(0) in A;(0), let

vi(z) =

1 3 i
WPj(D(&L‘),Z‘)?) (0), zel.

This gives a basis for A;(x) for  near 0 — how near? We have

m

|vi |or < ( )mfl(const)m((const%)my)k Vk > 0.

r

Hence, for z € W, v'(x) will be close to v*(0) and we get a basis defined
in W. Lemma A.4 gives an ON-basis for each A;(z) on W which fulfills the
estimate.

The estimate of the angle follows from Lemma A.5, using that m? >
(m+1)%.

In order to estimate the inverse of (), consider the D*-invariant decompo-
sition

k
cm o= Z ]\j (.’L‘),
i=1

such that the eigenvalues of D*(x) A, (z) are complex conjugates of the eigen-
values of D(a:)A].(z). Then /~\j satisfies the same estimate as A; and 1~\j =

(Ziyﬁj Ai)l-

If we let

then

so that Q=1 = BQ*.

The angle between A; and (3_;,; Ai) = (Aj)* is at least

r 2
t—)™ .
(cons m)

Therefore
Sio=t (M) AGj(AG)*A; =T — (M) (A) " ((A;) 1) A,

is a symmetric matrix with spectrum bounded away from 0 by at least the
square of that angle. Hence, by Lemma A.1,

| S’;l ler < (Constﬁ)QmQ((const@)‘lmzy)k vk > 0.
r r

Since ((A;)*A;)~! = S’;l(Aj)*in we get the same estimate for B as for S{l

and, hence, the same estimate for Q! as for Sj_l. O
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Remark. When D is Hermitian in Lemma A.6 the angle between the in-

jus

variant spaces is of course 7 and @ is unitary so

| Q7! |er< ((constBTm)va)k Yk > 0.

Truncation
Let
D: ZQ(L) — l2(/.3)

be an infinite-dimensional matrix with a basis of finite-dimensional (gener-
alized) eigenvectors {q} and blocks Q°. Suppose that D* also has a basis
of (generalized) eigenvectors ¢” with the same blocks Q2°. We enumerate the
eigenvectors so that ¢” and ¢ correspond to complex conjugate eigenvalues
with the same multiplicity. This implies that §° L ¢%, for all a # b.

Lemma A.7 Let
Q = (%) = UganaQ2, beL.

If v is an (generalized) eigenvector of Dqs then either v is an (generalized)
etgenvector of D or v L ce’,

Proof. Notice that ¢* and ¢* are (generalized) eigenvectors of Dgq/ and D,
respectively, if Q¢ N Q° £ (.

Let now v be an (generalized) eigenvector of Dg/. Then either v = ¢* for
some a such that Q%N QY # () — and we are done — or v L ¢* for all a such
that Q% N QP # (). Since now v = >_ A.q° we get

0 =<q"v>= Ay <q%q" >,

which implies that A, = 0. This means that

v o= Z Aqg©
0

QenQb=

so v is perpendicular to c¥. o

A numerical lemma

Lemma A.8

E e~ (la—arl++laj_1-bl)s < ( djm£§)(j*1)dim£ Va,b € L.
S
ap=a,at,...,a;=>b
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Proof. If we take | - | as the I'-norm we get

E e~ (la—ai|+-+laj_1-bl)s _

ap=a,at,...,a;=b

Z e~ (I(0—a)—ci——cj_a|+|er[++lej-1])s <

C1y.-5C5—1

—(t=s—cltleDsyi-1 <« (079 L 8 G-na—p-ais ~ (B\G-1a
e A A

(d = dim L), where we used the inequality

j—1

i 1 d
A=Y ci|+) leil> gZ(|j_1—Cz‘|+|Ci\)-
1 1 1

This inequality is easy to verify because the 3xRHS is less then

S+ lah =l 423 el
(A= el + Y el 42) e |<ld=Y e |43 |eil,

where summation goes from 1 to j — 1.

The factor vdim £ comes in because we use th [2-norm. 0O

B Appendix B

Estimates of preimages

Let u be a real or complex valued smooth function defined on an open interval
A in R and satisfying

| uer < ByP VO<k<m+1
01<1}€a<xm|w+w0ku(x) | > o VzeA.

Lemma B.1 There exists a finite union of open intervals Ujc ;A; such that

#J < 2 [T | A | 41]
maxjes | A | < 2(%)w
| u(z) | >p Vo e A\ UA,.

Proof. Assume for simplicity that 0 € A and that | 8™u(0) |> o(m!)*y™.
Then there is an interval A of length

v
86y(m + 1)2
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such that | 9™ u(z) |> g (m!)?y™ on A, if u is real — if u is complex valued
then this holds for fu or Su.
Consider now 0™ 1u on A. There exists an interval A; of length

2 2,0 1
> (28w
> 2D
such that
2p, 1 ~
[0 Mue) [2 Z(E) T (m = D) Ve e A\AL
o

Consider now 9™ 24 on A\ A;. There exist two intervals Ay, Ag, each of
length

2 2/) 1
;( p ) )
such that
20 2 .
| 0™ 2u(z) |> %(i’)a((m —N2ym2 W e A\ALUA,UA;,
(o2
etc.

Hence we obtain in A, 2™ — 1 (possibly void) intervals A; such that
|u(z) | > p Yz e A\ UA,,

2 2p
Al < =(=+=
FAERCD

On the whole interval A we get at most

1
mo,

o 5 [857(7';+ 1)?

| A]+1]
many such intervals. 0O

Transversality of products of functions

Let now u; be a sequence of real or complex valued smooth functions defined
on an open interval A in R and satisfying

|y lex < B VO<k<m+1l=mi+---+m;+1
O%I]%%)fm | Wﬁkuj(if) | > o VzeA.
Lemma B.2 Ifu=u;----- u;, then

{IUck < 440D giyk VO<k<m+1,

max | gerdtu(a) | 2 (5)P 07D Ve e A
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Proof. The first part follows from Lemma A.1 so we concentrate on the second
estimate.

We can assume that § = 1 and v = 1 if we replace the u;’s by % and
rescale z. Fix an ¢ — x = 0 say. We can assume without restriction that

1 , .
CRE | 0™ u;(0) | > o Vi.

Order the m;’s in decreasing order my > mg > .. ..
Fix a symmetric interval I around 0 of length

o
20 < ——o.
- 8(m+1)?

By Lemma B1 we get that | u; |> p outside a subset of I of measure less
than

NCEYAE, N —om,
o
which is less than ? if we chose
o, 0
= —(— )™
p=5 (j ~)
Applying this to all the u;’s we get that
. o &
> o0 o= (2yiZym
@) |2 7 = ()
outside a set of measure less than d.
Consider now the Taylor expansion
u(zr) = ap+a1x+ -+ apzr™ +a(x).

Then, for | z |[< 9§,
| a(x)

| < (m+ D!z ™ < (m+ 1)l
From this we get an g <| z |< § such that

1 )
a0+t ama™ | 2 S5 )™
if we choose 1 1
g .
5 = J m
2(m+1) ( ) (]N)
Hence for 6 so small and some 5 <]z |< ¢ and some 0 < k < m,
1 o, 0
x> —— (=) m,
a2 e (5 )

Since klaj, = 0%u(0)the result follows. O
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Remark. In [5] there was given a short proof of this lemma with a worse
estimate, which however is good enough for the applications we have in mind.
The above proof, which is just as short but gives a considerable better esti-
mate, is due to M. Goldstein [6].
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KAM-persistence of finite-gap solutions

Sergei B. Kuksin

Introduction

The paper is devoted to a proof of the following KAM theorem: most of
space-periodic finite-gap solutions of a Lax-integrable Hamiltonian PDE per-
sist under small Hamiltonian perturbations as time-quasiperiodic solutions
of the perturbed equation. In order to prove it we obtain a number of results,
important by itself: a normal form for a nonlinear Hamiltonian system in
the vicinity of a family of lower-dimensional invariant tori, etc. The paper
is an abridged version of the manuscript [KK], missing proofs can be found
there. Still our presentation is rather complete modulo a KAM-theorem for
perturbations of linear equations (for its proof see [K, K2, P]).

Notations. Everywhere in the paper “linear map” means “bonded linear
map”. For a linear operator J we denote by J the operator —J~!. For a
complex Hilbert space, (-,-) stands for a complex-bilinear quadratic form
such that (u, i) = |lul?. We systematically use the following non-standart
notations: for a vector V.= (V1,...,V,) € N we denote Ny = {m € N |
m # V; Vj} and Zy = {m € Z | m # £V; ¥V j}; we abbreviate Ny 5 . ) to
N,,, etc. In particular, Zy stands for the set of non-zero integers.

1 Some analysis in Hilbert spaces and scales

1.1 Smooth and analytic maps

Below we shall work with differentiable maps between domains in Hilbert
(more general, Banach) spaces. Since the category of C"-smooth Fréchet maps
with 7 > 2 is rather cumbersome and since only analytic object arise in our
main theorems, we mostly restrict ourselves to the two extreme cases: with
few exceptions the maps will be either C'-smooth or analytic. Now we fix
corresponding notations and briefly recall some properties of C'*-smooth and
analytic maps.

Let X,Y be Hilbert spaces and O be a domain in X. A continuous map
f: O =Y is called continuously differentiable, or C'-smooth (in the sense
of Fréchet) if there exists a bounded linear map f,(x) : X — Y which contin-
uously depends on = € O, such that f(x 4+ x1) — f(x) = fu(x)z1 + o(||z1||x)
provided that x,z + z1 € O. We call f.(x) a derivative of f or its tangent
map. By f*(x) we denote the adjoint map f*(z) = (fu(x))*: Y — X.

For a real Hilbert space X we denote by X¢ its complexification , X¢ =
X ®rC.

L.H. Eliasson et al.: LNM 1784, S. Marmi and J.-C. Yoccoz (Eds.), pp. 61-123, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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Examples. If X is an Lo-space or a Sobolev space of real-valued functions,
then X¢ is a corresponding space of complex functions. If X is an abstract
separable Hilbert space and {¢,} is its Hilbert basis, then X = {> z;¢; |
z;’s are real and Y |z;|? < oo}, while X¢ = {3" 2;¢; | 2,’s are complex and

Y

Let X¢,Y°¢ be complex Hilbert spaces and O° be a domain in X¢. A map
f : O° — Y¢ is called Fréchet-analytic if it is C''-smooth in the sense of
real analysis (when we treat X¢ Y¢ as real spaces) and the tangent maps
f«(z) are complex-linear. Locally near any point in O¢ such a map can be
represented as a normally convergent series of homogeneous maps (see [PT)).

For real Hilbert spaces X,Y and a domain O C X, amap F: 0 — Y is
analytic if it can be extended to a complex-analytic map F' : O¢ — Y¢, where
OF¢ is a complex neighbourhood of O in X°€.

A map F: X DO — Y is called d-analytic (J is a positive real number)
if it extends to a bounded analytic map (O +4d) — Y°¢ (O + ¢ is the J-
neighbourhood of O in X°).

We note that compositions of analytic maps are analytic, as well as their
linear combinations. Besides, any analytic map is C*-smooth for every k.

There is an important criterion of analyticity: amap f: X¢ D O¢ — Y€ is
analytic if and only if it is locally bounded ! and weakly analytic, i.e., for any
y € Y¢ and any affine complex plane A C X¢ the complex function ANO°¢ —
C, A = (F(N),y)y is analytic in the sense of one complex variable. Even
more, it is sufficient to check analyticity of these functions for a countable
system y = y1,%s,... of vectors in Y such that the linear envelope of this
system is dense in Y (see [PT]).

The Cauchy estimate states that if a map F : X¢ D O°¢ — Y°¢ admits a
bounded analytic extension to O¢ + 4, then for any u € O° one has:

IF()]x,y <671 sup  [[E@)]y-
u' €0c+45

(The estimate readily follows from its one-dimensional version applied to the
holomorphic functions Os(C) 3 A — (F(u+ A\x),y)y, where ||z]|x = |lylly =
1). In particular, this estimate applies to d-analytic maps between subsets of
real Hilbert spaces.

If F: X¢D O°— Y€ is an analytic map and for some point € O¢ the
tangent map Fy(x) is an isomorphism, then by the inverse function theorem
in a sufficiently small neighbourhood of = the map F' can be analytically
inverted. The same is true for real analytic maps. See [PT].

For Banach spaces everything is much the same with one extra difficulty:
there is no canonical way to define a complexification X°¢ of a real Banach
space X . This difficulty should not worry us since all Banach spaces used

! that is, any point € O° has a neighbourhood, where f is uniformly bounded.
In particular, any continuous map is locally bounded.
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below are natural and one can immediately guess the right complexification.
For example, if X is the space of bounded linear operators Y7 — Y5 where
Y1, Y5 are Hilbert spaces, then X¢ is the complex space of linear over reals
operators Y7 — Yy, etc.

1.2 Scales of Hilbert spaces and interpolation

Below we shall study one-dimensional in space partial differential equations
in appropriate scales of Sobolev spaces { X}, where s € Z or s € R. That is,

(i) each X is a Hilbert subspace of a Sobolev space of order s, formed by
scalar- or vector-functions on a segment [0, 7] (so Xo C Lo);
(ii) there exist:
(1) a Hilbert basis {¢y, | k € Zo}, Zo = Z \ {0}, of the space X,
(2) an even positive sequence {¥; | j € Z} of linear growth, i.e. ¥; = 9J_;
and C~ k| < 9y < C|k| for all k,

such that for any real s the set of vectors {¢p0,* | k € Zo} form a Hilbert
basis of the space X.

The second assumption implies that for any —oco < a < b < oo the space
X¢, ¢ = (1 — 0)a + 6b, interpolates the spaces X, and X;: in notations of
[LM], X. = [X,, Xpg. In particular, for any u € X, holds the interpolation
inequality: ||ulle < [|ul}=%||ul|¢. The basis {¢y} is called a basis of the scale.

The norm and the scalar product in X, will be denoted || - ||s and (-, )5 =
(-, ) x,; we abbreviate (-,-)g = (-, -). Due to ii),

(u,u)? = |ju||? = Z|uk| v if U—Zukaﬁk

The scalar product (-, -) extends to a bilinear pairing X; x X_; — R. For
any space X, (real or complex) we identify its adjoint (X)* with the space
X .

We denote by X_ o, X the linear spaces X_,, = UX;, Xoo = NX;. The
space X is dense in each Xj. It is formed by smooth (vector-) functions.

We shall often treat scales {X;} as abstract Hilbert scales and do not
discuss their embeddings to a scale of Sobolev functions.

Example 1.1. Let X, = H{(S!, R) be the Sobolev space of 2m-periodic
functions with zero mean-value. This scale satisfies (i)—(iii). For a basis {¢y |
k € Zo} we take the trigonometric basis:

1 1
gak:ﬁcosk'x7 w,k:—ﬁsinkx for k=1,2,... (1.1)
(the minus-sign is introduced for further purposes). For a sequence ¥ we
take 9% = |k|. This choise corresponds to the homogeneous scalar product in
Xy (u,0)s = [( (u®v(®) )da. Complexification X¢ of this space is the space
Hi (S (C) of complex Sobolev functions.
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Given two scales { X}, {Y;} as above and a linear map L : Xoo = Y_o,
we denote by ||Llls, s, < oo its norm as a map X,, — Y,. We say that
the map L defines a morphism of order d of the scales {Xs} and {Ys} for
s € [s0, s1], if || L||s,s—a < 0o for each s € [sq, s1] with some fixed —oo < 59 <
51 < +00. 2 If in addition the inverse map L~! exists and defines a morphism
of order —d of the scales {Y;},{X;} for s € [sg + d, s1 + d], we say that L
defines an isomorphism of order d of the two scales. If {Y;} = {X,}, then an
isomorphism L is called an automorphism. We shall drop the specification
“for s € [sg, s1]” if the segment [so, s1] is fixed for a moment or can be easily
recovered.

If L: X; — Y;_g4 is a morphism of order d for s € [sg, 1], then the adjoint
maps L* : (Ys—q)* = Y_s1q4 — (Xs)* = X_, form a morphism of the scales
{Y;} and {X,} of the same order d for s € [—s1 + d, —sg + d]. We call it the
adjoint morphism.

A morphism L of a Hilbert scale { X}, complex or real, is called symmet-
ric (anti symmetric) if L = L* (respectively L = —L*) on the space X.
In particular, a linear operator L : Xg, — Y,,_q4 is called symmetric (anti
symmetric) if L = L* (L = —L*) on the space X.

If L is a symmetric morphism of {X,} of order d for s € [sg,d — s¢], then
L* also is a morphism of order d for s € [sg,d — so] and L = L* as the scale’s
morphisms. We call such a morphism selfadjoint. Anti selfadjoint morphisms
are defined similar.

Example. The operator —/A defines a selfadjoint automorphism of order
2 of the Sobolev scale {H{}. The operator 0/0x defines an anti selfadjoint
automorphism of order one.

Linear maps from one Hilbert scale to another obey the Interpolation
Theorem:

Theorem 1 (see [LM, RS2). | Let {X}, {Ys} be two real Hilbert scales
and L : Xoo — Y_o be a linear map such that || L||a, 5, = C1, || Lllas,p, = Ca-
Then for any 6 € [0,1] we have ||L|lop < Cp, where a = ag = faq + (1 —
0)az, b= by = Oby + (1 — )by and Cy = C{CI~°. This result with Cy replace
by 4Cy remain true for complex Hilbert scales.

In particular, if under the theorem’s assumptions a; — by = as — by =: d,
then L defines a morphism of order d of the scales {X,}, {Y;} for s € [a1, as].

Corollary. Let L be a selfadjoint or an anti selfadjoint morphism of a scale
{Xs} such that ||L||lap = C < oo for some a,b. Then ||L|lo(a+b)—b,0(a+b)—a
< C forany0<6<1.

Proof. Since (X,)* = X_, and (Xp)* = X_p, then C = ||L||ap = ||| =p,—a =
IL||—p,—a- Now the assertion follows from the Interpolation Theorem. O

2 ifso = —o00, then s > sg since X_o and Y_ are given no norms. Similar s < oo
if 81 = oo.
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In particular, an operator L as above defines a morphism of order a — b of
the scale {X,} for s € [=b,a] (or € [a,—b] if —b > a).

Let —o0 < a <b<ooand O; C Xs, s € [a,b], be a system of compatible
domains (i.e., Os, N Os, = Oy, if 81 < 83). Let F : O — Y,_4 be an
analytic (or C'-smooth) map such that its restriction to the domains Oj
with a < s < b define analytic (or C'-smooth) maps F : O, — Y,_4 . 2 Then
we say that F is an analytic (or C'-smooth) map of order d for a < s < b.
Example 1.1, continuation. Let us denote by II the projector II : H* — Hg,
which sends a function u(z) to u(z) — [u(x)dz/2m. The Sobolev spaces H*
with s > 1/2 are Banach algebras: ||uv||s < Cs||ul|s||v]s, see [Ad]. Therefore
for any segment [a,b], 1/2 < a < b < oo, the map u(x) — IToF (u(x)) where F'
is a polynomial, defines an analytic map H§ — H§ of order zero for s € [a, b].
If g(z) is any fixed function, then the map u(z) — II(F(u(z)) + g(x)) is
analytic of order zero for s € [a, b] if and only if g € H®. The same is true for
a map defined by an analytic function F. More general, this is true for the
map u(z) — I(F(u(z),r)) where F(u,z) is a C’-smooth function of u and
x, which is d-analytic in u with some z-independent § > 0. O

Given a Cl-smooth (or analytic) functional H : X, D O, — R, we
identify the adjoint space (X,)* with X_, and consider the gradient map

VH:0, = X_,, (VH(u),v)=H.(u)v YveX,.

If the domain O, belongs to a system of compatible domains Oy (a < s < b)
and the gradient map VH is a Cl-smooth (or analytic) map of order dg in
this system of domains, we write ord VH = dg. In this case the linearised
gradient map VH(u). : Xy — X,_g4,, is bounded for any u € O, with
a < s <b. Since

(VH (u)sv1,v2) = doH(u)(vy,v2) = (VH(u)sva,v1),

then the map V H (u), is symmetric and due to the Corollary from Theorem 1
it defines bounded linear maps VH (u), : Xy — X4, for s € [dg — d,d]
(assuming that 2d > dg).

1.3 Differential forms

For d > 0 and a domain O in a Hilbert space X4 from a Hilbert scale {X,}

we identify tangent spaces 17,0 with X4 and treat differential k-forms on O

as continuous functions O x (X4 x --- x X4) — R, which are polylinear
[ S —

k
and skew-symmetric in the last & arguments (see more in [Ca, Lal). We write

1-forms as a(r) dx, where a : O — X_; and a(x) dx[€] dof_ (a(r), &) for £ € Xg.

Besides, we write 2-forms as A(xr) dx A dx, where

A(r) de A del€, ) S= (A@R)E, o for &1 € Xq,

34f b = o0, then a < s < co. This agreement applies everywhere below.
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and A(r) : Xg — X_g4 is a bounded anti selfadjoint operator, i.e., its adjoint
Ar)* : Xg — X_g equals —A(x).

All the forms we consider below are analytic, where a k-form wy on O C Xy
is called analytic if the corresponding map from O to the linear space of skew-

symmetric polylinear functions (X4 x - -+ x X4) — R is analytic.

~—_———
k

To define the differential of a C'-smooth k-form wj we use the Cartan
formula:

k+1

dwk(l)[ﬁla s 7£1€+1] = Z(_l)i_l%wk(x)[gla ve. aéia s agk-‘rl] . (12)

Here the vectors §; € 1.0 ~ X, are extended to constant vector fields on O.
So the r.h.s. of (1.2) is well-defined and the commutator-terms from the r.h.s.
of the classical Cartan formula (see e.g. [Go, La]) vanish. This definition well
agree with the finite-dimensional situation, as states the following obvious
lemma:

Lemma 1. Letwy be a k-form on a domain O C Xy, L be a finite-dimensio-
nal affine subspace of Xq and LY = LN O. Then dwy |po= d(w |Lo).

Proof. Both forms are given by the same formula (1.2). O

Example 1.2. 1) The differential of a C'-function f on O (=a zero-form)
equals df = V f(xr)dx. 2) The differential of a 1-form a(x)dr, a : O — X_y4,
equals d(a(r) dr) = (a(r)« —a(r)*) de Adr. Indeed, the operator A(z) = a(r).—
a(r)* + Xg — X_q is anti selfadjoint and d(a(xr)dr)[¢,n] = (a(x).&n) —
{a(®).n, &) = (A(®)€ ).

In the sequel we shall also work with k-forms in sub-domains of the direct
products Zg,
Zd =X x Yda Zd Sz = (‘rvy)a

where X is a finite-dimensional Euclidean space and Yy is a space from a
Hilbert scale {Y;}.* We write linear operators 2 in Zy in the block-form,

9% — Axx Axy
Ayx Ayy )’
where Axy : Yy = X, Ay x : X 2> Yyand UAxx : X - X, Ayy : Yy =2 Yy
are bounded linear operators. The operator 2 is anti selfadjoint (with respect

to the scalar product in X x Yp) if Axy = —2A; - and Axx, Ayy are anti
selfadjoint operators. Accordingly we write the 2-form 20 dz A dz as

A(z)dz Ndz = Ux x (v, y) de Adr +Axy (x,y) dy A dx +
+Ay x (z,y) dz N dy + Ayy (z,y) dy A dy.

4 Obviously, the spaces {Z;} also form a Hilbert scale.
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‘We note that in our notations

Ay x (2, y) dzAdy[(dz1,0y1), (021, 0y2)] = Ry x 071, 0y2)y = — (671, Axy Iy2).

For sub-domains of the manifolds ),

Va=R"xT"xYs={(p,q,y)}, (1.3)

we use natural versions of the notations given above.

The Poincare lemma states that “locally” each closed form is exact. The
proof is constructive and is well applicable to infinite-dimensional problems
(see [Ca, La]). We shall need a version of the lemma for a closed 2-form
defined in a neighbourhood O C Yy of the set P x T™ x {0}, where P is a
sub-domain of R™, such that fibres of the natural fibration O — R™ x T"™ are
convex. Below we state the result, denoting by w points from R™ x T":

Lemma 2. If ws(w,y) is a closed 2-form in O and wa(w,0) =0, then wy =
dwy, where

w1 (w, y) ($w, by) = / w(w, ty)[(0. ), (4w, téy)] dt.

In particular, if wa = Aww (w, y)dwAdw+Awy (w, y) dyAdw— AT, (w, y) dw
Ady, then wy = a(w,y) dw, where a(w,y) = (fol Awy (w, ty) dt) y.

This result follows from its finite-dimensional version (see [AG]) and Lem-
ma 1. Indeed, For any (w,y) € O and &1,& € Ty ) Va ~ R*" X Yq = Zg we
denote by @ a sufficiently small neighbourhood of (w,y) in J; and treat @
as a domain in Z,;. Now we take for L the affine 3-space through (w,y) in
the directions (0,y),&1, &2 and get that dw (w,y)[E1, 2] = wa(w, y)[&1, &2]-

2 Symplectic structures and Hamiltonian equations

2.1 Basic definitions

In a domain O4 € Xy with d > 0 let us take a closed 2-form as = J(x) dx A
dr such that the operator J analytically depends on ¢ € Oy and defines a
linear isomorphism J(x) : X4 ~ Xdtd,, dj> 0. Since the operator is anti
selfadjoint in Xy, then by the Corollary from Theorem 1 it defines an anti
selfadjoint automorphism of order —d; of the scale {X,} for s € [-d—d,d].
The form «g supplies Oy with a symplectic structure which corresponds to
any C'-smooth function h on O4 the Hamiltonian vector field V}, defined by
the usual (see [Al]) relation: as[Vh,€&] = —dh(§) for all £ € TOq4. For any

t € Og we have (J(r)V(x),&) = —(Vh(p), &) for each £ € X;4. Thus,

Vi(r) = J(x)Vh(r), where J=(-J) %
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The operator J(¢) is called an operator of the Poisson structure. For each ¢
it defines an anti selfadjoint automorphism of the scale of order d; and the
operator

J@): Xepa, ~ Xs, —d—dj <s<d, (2.1)

analytically depend on ¢ € Oy (see the Corollary to Theorem 1). Since the
functional h is C'-smooth, then the gradient map Vh : Oy — X_4 is contin-
uous. Using (2.1) we get that the vector field V}, defines a continuous map
Ogq — X_4—a,. Usually we shall impose an additional restriction and assume
that the vector field V}, is smoother than that and ord V}, =: d; < 2d + d ;.

To stress that a domain Oy C X is given a symplectic structure as above
we shall write it as a pair (Og, a2). If the form as is analytic on the whole
space X, for each s > sg with some fixed sg, we shall say that ({X}, asz)
is a symplectic Hilbert scale. A basis {¢;(r) | j € Z,} of a tangent space
T,04 = X is called symplectic if

2[d; (1), ¢k (v)] = v (£)0),—k (2.2)

for any j € N and each k € Zg, with some positive real numbers v;(r),j € N.
For any C'-smooth function h on O4 x R a Hamiltonian equation with
the hamiltonian h(g,t) is the equation

i(t) = J(¥)Vh(xr,t) = Vi(r,t). (2.3)

If ord V, = 0 and the vector field V3, is C'-smooth and Lipschitz in Og4, then
the initial-value problem for the equation (2.3) is well-posed: for any given
initial condition (0) € Oy it has a unique solution defined while it stays in
Oyq.

A partial differential equation, supplemented by appropriate boundary
conditions, is called a Hamiltonian PDE if under a suitable choice of a sym-
plectic Hilbert scale ({X;}, a2), a domain Oy C X4 and a hamiltonian h, the
equation can be written in the form (2.3). In this case the vector field V}, is
unbounded, ord V), = d; > 0:

Vh : Od xR — Xd—d1~ (24)

Usually the domain O4 belongs to a system of compatible domains Oy, s > dy,
and the map V}, is analytic of order dy for s > dg.

For a vector field V4, as in (2.4) with dy > 0, different classes of solutions
for (2.3) can be considered. We choose the following definition: a continuous
curve ¢ : [0,T] = Oq4 is a solution of (2.8) in a space Xy if it defines a
Cl-smooth map [0,7] — X4_4, and both parts of (2.3) coincide as curves in
Xd—d,- A solution r(t) is called smooth if it defines a smooth curve in each
space Xj.

If a solution z(t), t > 7, of (2.3) with ¢(7) = r, exists and is unique,
we write r(t) = Str,, or p(t) = S Tr, if the equation is autonomous. The
operators St and S™ are called flow-maps of the equation.
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For an equation (2.3) with dy > 0 there is no general existence theorem for
a solution of the corresponding initial-value problem which would guarantee
existence of the flow-maps. To prove the existence is an art we do not touch
here.

Example 2.1 (semilinear equation). If (2.3) is a semilinear equation, i.e.,
Vi, = A+ V? where A is an unbounded linear operator with a discrete
imaginary spectrum and the nonlinearity V' is Lipschitz on bounded subsets
of X4, then solutions of the equation with prescribed initial conditions are
well defined till they stay in a bounded part of X, see [Paz]. Some important
Hamiltonian PDEs are semilinear. For example, the nonlinear Schrédinger
equation:
a(t,z) = i(Au+ f(jul*)u), z €St

where f is a smooth real-valued function (see [K, Paz]). Still, the semi-
linearity assumption is very restrictive since it fails for many important
Hamiltonian PDEs (e.g., for the KdV).

Our main concern are quasilinear Hamiltonian equations, i.e., equations
(2.3) with V;, = A+ VO where A is a liner operator and ord A >ord V°.
Possibly ord VY > 0 i.e., the equation may be non-semilinear.

Let Q C Oq4 be a sub-domain such that the flow-maps maps St : Q — Oy
are well-defined and are C'-smooth for 7 <t < T, where —co < 7 < T < oo0.
Then differentiating a solution r(¢) of (2.3) in the initial condition we get
that the curve ((t) := SL(x(r)), ¢ satisfies the linearised equation

C(t) = Va(x(t),1)«C(t), ¢(1) =¢. (2.5)

The assumption that the map SL is Cl-smooth in a sub-domain is very re-
strictive since to check the smoothness of flow-maps for many important
equations (even for the KdV!) is a nontrivial task. To get rid of it we give
the following

Definition 1. Let (t), t € R, be a solution for equation (2.3). If for each ¢ €
X4 and each 6 the linearised equation ((t) = Vi, (x(t),t).((t), C(8) = ¢, has
a unique solution ((¢) € Xy defined for all ¢ and such that ||((¢)|la < C||C]la
uniformly in 6, ¢ from a compact segment, then we write ¢(¢) = Sf, (r)¢ and
say that flow {S},(x)} of the linearised equation (2.5) is well defined in Xg.

The property described in Definition 1 characterises the flow only in the
“Infinitesimal vicinity” of a solution of (2.3). It suits well our goal to study
special families of solutions rather than the whole flow of the equation. If the
flow-maps S! are Cl-smooth, then S (xr). = SI,(r), but the map in the r.h.s.
of this relation can be well defined while the map in the 1.h.s. is not.

Example 2.2 (Equations of the Korteweg—de Vries type). Let us take
for {X,} the scale of Sobolev spaces H§ as in Example 1.1. We define a

Poisson structure by means of the operator J = 6%, sod; =1 and —J
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is the operator (9/0x)~! of integrating with zero mean-value. We get the
symplectic Hilbert scale ({Hg}, —(0/0 z)~'du A du). We stick to the discrete
scale {s € Z}: it is sufficient since the orders of all involved operators are
integer. The trigonometric basis {¢; | j € Zo} (see (1.1)) is symplectic since
for j > 1 and any k& we have:

1/2

a0, px] = (Jn =2 cos ju, pi(@)) = j~H "2 sin i, pu(x)) = 57165 .

For a hamiltonian h we take h(u) = Ozﬁ(—%u'(m)2 + f(u)) dx with some
analytic function f(u). Then Vh(u) = u” + f/(u) ° and Vj(u) = 1u” +
a% f'(u). Thus the Hamiltonian equation takes the form

. 1 " a !/
u(t,x) = i + &Tf (u) (2.6)
(for f(u) = %u3 we get the KAV equation). The maps H§ — R, u(z) —
[ f(u)dz and H§ — H*, u(z) — f'(u(x)), with s > 1 are analytic (see
Example 1.1). So the map H§ 3 u +— Vi, (u) € HS? is analytic for s > 1.
That is, the vector field V}, is analytic of order 3 for s > 3.
Being supplemented by an initial condition u(0,z) = wuo(x) € H§ with
s > 3, equation (2.6) has a unique solution in H{. This solution exists for
t < T(||luolls) (T is a continuous positive function) and the flow-maps S,
t < T, are C'-smooth. This is a non-trivial result, see e.g. [Katl]. On the
contrary, if u(t, z) is a smooth solution of (2.6), then the linearised equation

1, 0 .
0= Z’UW + %(f”(u)v), v(0,z) = vy € H, (2.7)

has a unique solution in H§ with any s > 0 by trivial arguments, see [KK,
Paz)].

We shall often work with equations in a sub-domain O, of the manifold )y
(d > 0) as in (1.3), given a symplectic structure by means of a 2-form (dp A
dq) ® (Y (y)dy Ady), where dpAdg is the classical symplectic form on R™ x T
and Y (y)dyAdy is a closed 2-form in a domain in Y. This symplectic structure
corresponds to a C'-smooth function H(p,q,y) the following Hamiltonian
system:

Z.):_qu7 q:va, y:TvyH

Solutions of these equations are defined in the same way as solutions of (2.3).

2.2 Symplectic transformations

Let {X,},{Ys} be two Hilbert scales and d,d > 0. Let O C X, and Q C Y;

be two domains given symplectic structures by 2-forms ay = J(z)dx A dr and

% since dh(u)v = f —iu'(x)v/(aj) + f(u(z))v(z) de = (iu”(a:) + f(u(z)),v(z)) L, -
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B2 = Y(y)dy A dy as in Section 2.1. A C'-smooth map ® : Q — O is called
symplectic if @*ay = (2. That is, if for any y € Q with ®(y) = € O we have
(J(®) 2+ (9)S; () x, = (Y(y)€, M)y, for all §,n € Yy, or

O (y) o J(x) o Ps(y) = T(y). (2.8)

A symplectic map ® is an immersion since by (2.8) its tangent maps are
embeddings. If a symplectic map ® is such that the tangent maps @, (y) define
isomorphisms of the spaces Y; and X, then ® is called a symplectomorphism.

We shall need an obvious version of the definitions above for the case when
O¢ and Q¢ are compler domains in Xj and ng respectively and the forms
a, B2 have constant coefficients: an analytic map @1 : (Q%, az) — (O€, 32)
is symplectic if (J®1(y).&, @1(y)«n)x, = (Y€, 1)y, . In particular, an analytic
symplectomorphism ® : Q — O analytically extends to a symplectomorphism
of sufficiently small complex neighbourhoods of @ and O (the forms as, 32
are assumed to be constant-coefficient).

From now on for the sake of simplicity we restrict ourselves to the case we
need below:

d=d>0, ordJ(x)=ordY(y)=—d; VYr,y.

Proposition 1. Let us assume that J(x) = J and Y(y) = Y are constants
isomorphisms of the corresponding scales of order —dj. Let ® : (Q°, 32) —
(O¢, a2) be a symplectomorphism such that || ®(y)«||la,a, |(®(Y)«) Haa < C
for every y € Q. Then |(y).llos, (@(y)-)"log < Ci for every y € Q°
and every 0 € [—d—dy,d]. If ® is an analytic symplectomorphism, then these
maps are analytic in y € Q°.

Proof. By (2.8) we have ®* = —To®,0.J. So ||®(y)*||a+a,.dra, < C’ for every
y. Hence, [|®(y)+|l—d—d,,—d—d, < C’ and the estimate for || D.|lgo follows
by interpolation. The estimates for ®_ ! follow from the identity (®*)~! =
—Jo®,07 since P11 = ((@*)_1) = (=Jo®,0Y)* is a zero-order morphism
for s € [-d —dy,d].

In the analytic case the maps are analytic in y by the criterion of analyt-
icity. O

As in the finite-dimensional case, symplectic maps transform Hamiltonian
equations to Hamiltonian. Let ® :  — O¢ be an analytic symplectic map
such that

O(y). : Ys — X, is a linear map, analytic in y € @, for any |s| < d. (2.9)

We note that if J(z) = J and Y(y) = T are constant isomorphisms of zero
order, then the assumption (2.9) is satisfied due to Proposition 1.

Theorem 2. Let domains O C Xgq and Q C Yy, d > 0, be given symplectic
structures by analytic 2-forms as, B2 as above with ordJ =ord Y = —dj.
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Let the vector field Vi, = JVh of equation (2.3) defines a C*-smooth map
Vit O xR = X4_q, of order di < 2d and let @ : Q — O be an analytic
symplectic map satisfying (2.9), such that the vector field Vi, in O is tangent
to ®(Q) in the following sense:

Vh(®(y)) = ®(y)«&  for any y € Q with an appropriate £ € Yq_q,.
(2.10)

="V, H(y,t), H=ho® T =(-T)"" (2.11)
to solutions of (2.3).

We note right away that the assumption (2.10) becomes empty if @ is a
symplectomorphism (to be more specific, now (2.10) follows from (2.9) since
d—dy > —d).

Proof. Let y(t) be a solution of (2.11). By (2.9) the curve r(t) = ®(y(t))
is C'l-smooth in Yi_4,and is continuous in Yy. It remains to check that it
satisfies (2.3). Since f = ®(y).y and VyH = ®(y)*V,h, then

E=0(y)T(Y)P(y) Vih = =P (y). T (y)P(y)" J (&) Va ().

By (2.10), Vi(r) = ®(y)«&. So the r.hs is —@(y). T (y)P(y)* J(r)®(y)«&. By
(2.8) it equals —®(y). L (x)Y(r)§ = ®(y)«& = Vi(x). Thus, r(t) satisfies the
equation (2.3). O

To apply Theorem 2 we have to be able to construct sufficient amount of
symplectic transformations. An important way to construct symplectomor-
phisms of sub-domains of (O C X4, a2) is to get them as flow-maps S7 of
an additional nonautonomous Hamiltonian equation § = J(r)V, f(¢,r) =
Vi (t,r), where the hamiltonian f is such that the vector field V; is Lipschitz,
see [K, KK].

Let O be a domain in a symplectic space (Xg, o = J(r) dx A d).

Definition 2. Let C'-smooth functions H;, H> on a domain O C X, define
continuous gradient maps of orders di,ds < 2d such that d; + dy + dy < 2d.
Then the Poisson bracket { Hy, Hy} of Hy, Hs is the continuous on O function
{H1, Ho}(x) = (J(2) VH1(x), VH2(1)).

The scalar product (J(r)VHy, VHy) is well-defined and is continuous in g.
The Poisson bracket is skew-symmetric, {Hy, Ho} = —{H>, H1}. In particu-
lar, {H,H} =0 (if ord VH < d —d;/2).

2.3 Darboux lemmas

The classical Darboux lemma states that locally near a point any closed non-
degenerate 2-form in R2™ can be written as dp A dg. This result has several
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versions which put a closed non-degenerate 2-form on a manifold to different
normal forms in the vicinity of a closed set (for the classical lemma the set
is a point), see [AG]. Some of these results admit direct infinite-dimensional
reformulations which can be proven by the same arguments due to Moser—
Weinstein. In this section we present a version of the Darboux lemma which
will be used later on.

Let Yy = R*" x T™ x Y; and W be its subset of the form W = P x
T"™ x {0}, where P is a bounded sub-domain of R". By O, Oy, ... we denote
d-neighbourhoods of W in ), with different § > 0 and suppose that in a
neighbourhood O we are given two closed analytic 2-forms wgy and w1, both of
them of the form w; = J7(y) dy Ady, where y = (p, ¢,y) and dy = (dp, dg, dy).
We assume that

(i) wo=w1inTO |w, B B B

(i) for all t € [0,1] and all y € O the map J'(y) = (1 —t)J° + t.J' defines
an isomorphism J! : Z; —— Zqt+q, with some fixed d; > 0, where
Zd:RnXRnXYd.

By (ii), the map J* = (=J*)~! : Zyyq, —— Z4 is well defined and

~

analytically depends on y. By Poincaré’s lemma (see Lemma 2 above), the
form w; — wp equals da for some analytic one-form o = a(y)dy such that
a(p,q,y) = O(||ly||3)- Let us also assume that

(iii) the map O1 — Zgya,, H — a, is Lipschitz analytic in a neighbourhood
01 of W.

Lemma 3 (Moser—Weinstein). Under the assumptions i)-iii) there exists
a neighbourhood Os and an analytic diffeomorphism ¢ : Os — O such that
¢ lw=id, p. lw= id and ¢*w1 = wy. Moreover, ¢ equals to a time-one
flow-map S§, corresponding to the non-autonomous equation ©y = Jta(y) =:

V(t,n).

Proof. For 0 < t < 1 let us consider the 2-forms w; = (1 — t)wg + tw; =
Jtdy A dy. These forms are closed as well as the forms wg,w; and are non-
degenerate in a neighbourhood Oj since wy = wy = wy on W by i). Now we
denote by ¢! the flow-maps S of equation § = V(¢,1); so ¢° = id, ¢ = ¢
and (¢! —id)(p,q,y) = O(||y||?). The lemma will be proven if we check that
(p")*w; = const. Because Cartan’s identity (see e.g. [GS] and see [KK] for
the infinite-dimensional case) we have to prove that 22t + d(V]w;) = 0.
Since Ow:/0t = w1 — wy = da, then it remains to check that o + V |w; = 0.
But V]w; = V|Jtdy Ady = (JtV)dy. So a + V]w, = (a + JtV)dy = (a +
JtJ'a)dy = 0 and the lemma is proven. 0O

Appendix. Time-quasiperiodic solutions

Our main goal is to study time-quasiperiodic solutions r(t) of some Hamilto-
nian equations (2.3). Here we recall corresponding basic definitions.
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Definition. 4 C'-curve v : R — X in a Banach space or a manifold X is
called quasiperiodic (QP) with < n frequencies if there exists a C*-smooth
map I' : T™ — X, a vector w € R™ and a point qg € T™ such that

v(t) =T(go + wt) . (A1)

The vector w is called the frequency vector and qo s called the phase. The
minimal n such that v(t) admits a representation (A.1) is called the number
of independent frequencies; corresponding numbers w1, ...,w, are called the
basic frequencies and the numbers 27 /w1, ..., 27 /w, — the basic periods.

Remark. We note that the vector w formed by the basic frequencies is de-
fined only up to an unimodular transformation L since the curve v(t) can
be also written as v(t) = I'y(Lgo + Lwt), where I'1(¢) = T'(L™'q). What is
uniquely defined, is the Z-module Zwy + Zws + - -+ + Zw, C R. We shall
usually ignore this subtlety.

The closure v(R) is called the hull of . If components of w are rationally
independent, then the hull equals I'(T™).

We call a solution ¢ of (2.3) a (time-) quasiperiodic, or a QP solution, if the
curver : R — X, is QP, and call it analytic quasiperiodic if the corresponding
map I' is analytic of maximal rank. The hull I'(T ™) of an analytic QP solution
(A.1) with n basic frequencies is an invariant analytic n-torus of the equation.
This torus is an analytic submanifold of X if the map I' is an immersion.

3 Lax-integrable Hamiltonian equations and their
integrable subsystems

We consider a symplectic Sobolev scale ({Z;}, as), aa = J dz A dz, as above.
The operator .J defines an anti selfadjoint automorphism of the scale of a
negative order —d; < 0. To a hamiltonian H = 1(Az,2) + H(z), where A
is a selfadjoint morphism of the scale of order d4, the symplectic structure
corresponds the Hamiltonian equation

W= JVH(u) = J(Au+ VH (W) = Vy(u), J=(-J)"L (3.1)

We assume that the hamiltonian # is analytic quasilinear, that is, the func-
tional H is analytic on a domain Oy C Zg, d > d4/2, and defines an analytic
gradient map of order dg < da, VH : Og — Z4_4,,. By this assumption and
the Corollary to Theorem 1, for any u € Oy the linear map VH (u), defines
a morphism of the scale {Z;} of order dy for s € [-d + dg,d].

We shall study equation (3.1) in a sufficiently smooth space Z; taking any
d such that d; ;= ordVy =da+d; < 2d+ dj. We do not assume that the
flow maps of the equation are defined on the whole domain Oy (i.e., we do not
assume that the equation can be solved for any initial condition u(0) € Oy).
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3.1 Examples of Hamiltonian PDEs

Quasilinear Hamiltonian PDEs with analytic coefficients have the form (3.1),
where usually O, equals to the whole space Z; and the gradient map VH
is analytic of some order dy for all sufficiently smooth spaces Z; (i.e., it is
an analytic map of order dy for d > dy with some fixed dy). The following
examples and their perturbations will be the main through our work:

Example 3.1 (KdV equation, cf. Example 2.2). Let us take for a scale
{Zs | s € Z} the scale { H§(S*;R)} of 2m-periodic Sobolev functions with zero
mean value, defined in Example 1.1. We choose J = 9/0z, A = ;6?/92? and

H(u) = %fu?’ dgj7 SO H(u) = f ( 1’(1,/2 + ius) dx. The equation (31) takes

-8
the form:

190

_ 10 2
V=5 (Ugs + 3u”). (Kdv)

It is considered under zero mean-value periodic boundary conditions:
2
u(t,z) = u(t,x + 2m), / u(t, z) dx = 0,
0

which are satisfied automatically since we are looking for solutions in a space
H§. The gradient map Zy — Z4, uw — VH = %uQ, is analytic of order
dg =0 for d > 1 (see in Example 2.2). Now we have ord A = d4 = 2 and

ordJ =d;y=1. 0O

Example 3.2 (higher KdV equations). The KdV equation in the previ-
ous example is an equation from an infinite hierarchy of Hamiltonian equa-
tions, called the KdV-hierarchy [DMN, McT, ZM]. The I-th equation from
the hierarchy can be written as an equation (3.1) in the same symplectic
Hilbert scale ({H§}, (J du,du)). It has a hamiltonian H; of the form

Hl (u) =

2m
K, / ((—l)lu(l)2 + ( higherordertermswith <1 —1 derivatives>) dz,
0

where K is a non-zero constant (H; is just the KdV-hamiltonian). In partic-
ular, the hamiltonian H» has the form Hy = £ [(u2, — 5uuz, —5u*) dz and
the corresponding Hamiltonian equation is the fifth order partial differential
equation:

1 = 10
s _ .05 _ =Y 2 3
U= qu x(5uz + Suttyy + 10u”).

The gradient map of the non-quadratic part of this hamiltonian defines in
the Sobolev scale {H§} an analytic map of order dy = 2 for any s > 2. The
order d4 of the linear part equals 4 and dy =1. 0O
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Example 3.3 (Sine-Gordon equation). The Sine-Gordon (SG) equation
on the circle,

U = Ugy (t, ) — sinu(t, z), x €S =R/27Z, (SG)

corresponds to a bounded nonlinearity. For any ug € H*(S) and u; € H¥71(9)
this equation has a unique solution u(t,z) € C(R, H*) N C*(R, H*~1) such
that u(0,x) = ug and u(0,2) = uy. This is almost obvious, see [Paz].

The equation (SG) can be written in a Hamiltonian form in many different
ways. The most strightforward way is to write (SG) as

U= —v, U = —Ugy +sinu(t, x). (3.2)

To see that these equations are Hamiltonian, we take the symplectic scale
({Zs = H*(S) x H*(9)}, az = (Jd&,d€)), where ¢ = (u,v) € Z, and
J(u,v) = (—v,u) (so J = J). For a hamiltonian H we choose H = (A&, &) +
H(¢), where A(u,v) = (—ugz,v) and H(u,v) = — [cosu(z)dz. Then
VH(u,v) = (sinu,0) and the Hamiltonian equation & = JVH = J(AE +
VH(E)) coinsides with (3.2).

The Hamiltonian form (3.2) is traditional (cf. [McK]) and is convenient to
study explicit (“finite-gap”) solutions of (SG), but not to carry out detailed
analysis of the equation since the linear operator A as above defines a self-
adjoint morphism of the scale {Z;} of order two, which is not an order-two
automorphism (the invererse map A~! defines a morphism of order 0, not
-2).

To get a Hamiltonian form of the SG equation, convenient for its analysis,
we denote w = A~Y2y, where A = —9%/0z% + 1, and write (SG) as

=—-VAuw, u'):\/Z(u—ﬁ—A*l(sinu—u)). (3.3)

The equations (3.3) have more symmetric form than (3.2). They turn out to
be Hamiltonian in the shifted Sobolev scale {Zs = H*1(S) x H*T1(S)}, see
K, BiK1] and [KK].

Even periodic boundary conditions. If u(t, z) is any solution of (SG) such
that the initial conditions (u(0, ), @(0,2)) = (ug(z), u1(x)) are even periodic
functions, i.e.,

uo(z) = uo(x + 2m) = ug(—2x) (EP)

and similar with uy, then ™ (¢, 2) = u(t, —z) is another 27-periodic solution
for SG with the same initial conditions. Since a solution of the initial-value
problem for (SG) is unique, then u™(¢,2) = u(t,x). That is, the space of
even periodic functions is invariant under the SG-flow and we can study the
equation under the boundary conditions (EP). These conditions clearly imply
Neuman boundary conditions on the half-period:

(u6zv ullgc) (0) = (u:)w’ ullac) (77) = (Oa O)' (N)
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The former can be viewed as a “smoother version” of the latter since for any
smooth even periodic function all its odd-order deviatives (not only the first
one) coinside at = 0 and = = 7.

Denoting for any real s by Z¢ a subspace of Z;, formed by even functions,
we observe that the equation (SG)+(EP) can be written in the Hamiltonian
form (3.2) in the symplectic scale ({Z¢}, (Jd¢,d€)), where Z¢ = {{(x) €
Zs | € satisfies (EP). We note that for s = 2 the space Z§ is formed by the
vector-functions from H?(0,7) x H?(0,7) which satisfy (N) (the functions
are assumed to be extended to the segment [0,27] in the even way). That
is, for solutions of the SG equation in the Sobolev space H?2, the boundary
conditions (OP) and (N) are equivalent.

0dd periodic boundary conditions. Similarly, the SG-equation under the
odd periodic boundary conditions

u(t,z) = u(t,z + 2w) = —u(t, —x) (OP)

can be written in a Hamiltonian form in the symplectic scale ({Z;’}, Bo =
(Jdg,d€)), where Z2 = {&(z) € Z, | & satisfies (OP) }. These boundary
conditions imply the Dirichlet ones: (ug,u})(0) = (uo,u})(r) = (0,0).

3.2 Lax-integrable equations

Let us consider a quasilinear Hamiltonian PDE and write it in the Hamil-
tonian form (3.1). This equation is called Laz-integrable if there exist linear
operators L,, A, which depend on u € Z,, and define linear morphisms of
finite orders of some additional real or complex Hilbert scale {35}, such that
u(t) is a smooth solution of (3.1) if and only if

d
%‘Cu(t) = [Au), Luw)]- (3.4)
The operators £, and A, are said to form an £-A pair of the equation
(3.1)=(3.4).

We specify dependence of the £, A-operators on u and assume existence
of integers s’ and d’ such that for all s > s’ the maps u — £, and u — A,
are analytic as maps from Z, to the space of bounded linear operators 34 —
34—ar, provided that d < s. Due to this assumption, the Lh.s of (3.4) is well
defined for any C'-smooth curve u(t) € Z, s > s'.

Both KdV and Sine-Gordon equations are Lax-integrable, see below Sec-
tion 4.

We abbreviate £; = L,,+) and A; = A1), where u(t) is a smooth solution
for (3.4). A crucial property of the £, A-operators is that spectrum of the
operator L; is time-independent and its eigen-vectors are preserved by the
flow, defined by the operators Aj:
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Lemma 4. Let xg € 300 be a smooth eigenvector of Lo, Loxo = Axo- Let us
also assume that the initial-value problem

X = AtXa X(O) = X0» (35)
has a unique smooth solution x(t) € 3. Then Lix(t) = Ax(t) for any t.

Proof. Let us denote Lyx(t) = £(t), Ax(t) = n(t) and calculate derivatives of
these functions. We have:

d d
%5 = %ﬁx =[ALlx + LAx = ALx = A¢

and %n = %)\X = My = An. Thus, both £(¢) and 7(t) solve the prob-
lem (3.5) with xo replaces by Axo and coincide for all ¢ by the uniqueness
assumption. O

In many important examples of Lax-integrable equations, {Z} is the
Sobolev scale of L-periodic in x (vector-) functions and £, A are u-dependent
differential operators, acting on complex vector-functions. In this case it is
natural to take for the scale {35} the Sobolev scale of L-periodic complex
vector-functions. So L-periodic spectrum of the operator £,, is an integral of
motion for the equation (2.8) if the linear equation (2.11) defines a flow in
the space of smooth L-periodic vector-functions. The set of integrals which
we obtain in this way usually is incomplete. To get missing integrals we note
that an L-periodic in 2 solution u(¢, z) can be also treated as an Lm-periodic
solution for any m € N. Accordingly, we can consider the L, A-operators
under mL-periodic boundary conditions and take for {35} the Sobolev scale
of mL-periodic vector-functions. Due to the lemma, the mL-periodic spec-
trum of £ is an integral of motion if the equation (2.11) defines a flow in the
corresponding space 3. This set of integrals contains the initial one.

3.3 Integrable subsystems

Now we suppose that equation (3.1) possesses an invariant submanifold 72" C
Og4N Zs, such that restriction of the equation to 72" is integrable. For some
important examples the manifold 72" may have singularities and the re-
stricted symplectic form g |72» may degenerate. Since our objects are an-
alytic, these degenerations can only happen on singular subsets of positive
codimension and do not affect the final KAM-results which neglect subsets of
small measure: at some point we shall cut out the singular subsets with their
small neighbourhoods. But our preliminary arguments are global. To carry
them out we have to develop global notations.

We assume that 72" = ®g(R x T") where T"™ = {3} is the standard n-
torus and R is a connected n-dimensional analytic set which is the real part
of a connected complex analytic subset R® of a domain II° C CV. ¢ By R¢
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we denote any proper analytic subset of R¢ which contains its singular part
and denote by R, the real part of RS, ie., Ry = RSN R.

We assume that the map ®¢ is analytic and the form ag |72» does not
degenerate identically:

(i) The map &y : R x T™ — Z; is analytic for each [. That is, for some
d = 0; > 0 it extends to an analytic map II° x {|Im3| < §} — Z}.

(ii) R° contains a proper analytic subset RS, such that the analytic 2-form
®fay is non-degenerate in (R\ (Rs U Rg1)) x T™, where Rs; = RS N R.

For brevity we re-denote Ry := RsU R and similar re-denote RS. We set
R§ = R°\ RS and Ry = R\ R;. Since R, and RS comprise singularities of the
analytic sets R and R as well as of the map ®, then the sets Ry and R§ are
smooth analytic manifolds and the map ®q : Ry X T"™ — Z;, ®o(RyxT") =:
TE™, is an immersion. We assume that

(iii) The set 72" is a smooth analytic submanifold of each space Z;, invariant
for the equation (3.1), as well as the tori T (r) = ®o({r} x T"™), r € Ry.
The restricted to T"(r) equation takes the form 3 = w(r), where w
extends to an analytic map 11¢ — C™.

Due to (ii) and (iii), the manifold 72" is filled with smooth time-quasiperio-
dic solutions of the equation (3.1).
The frequency map r — w(r) is assumed to be non-degenerate:

(iv) for almost all r € Ry, the tangent map w,(r) : T, Ry — R™ is an isomor-
phism.

By Theorem 2 the equation restricted to 72" is Hamiltonian. Condition iv)
implies that this equation is integrable (see [KK] or [BoK2], p. 106). So by the
Liouville-Arnold theorem, Ry can be covered by a countable system of open
domains Ryj, Ry = Ro1 URp2U- - -, such that the equation (3.1) restricted to
each manifold 7" = ®(Ro; x T™) admits action-angle variables (p, ¢) with
actions p € P; € R" and angles ¢ € T". L.e., wo = dp A dg and the equation
restricted to 77" takes the form

p=0, ¢=Vh(p), h="Ho,
where h = h;.
Lemma 5. In any domain Ro; we have Vh(p(r)) = w(r) and ¢ = 3+ ¢°(r).

For many important examples the set of integrals of motion of a Lax-
integrable equation, formed by 27-periodic and 2m-antiperiodic spectra (see
Lemma 4 and its discussion), is “complete”. Fixing all but some n of them
one can construct invariant manifolds 72" as above. Below we show how to
carry out this construction for KdV and SG equations.

5 That is, R® is formed by zeroes of an analytic map II® — CV~" such that at
some points of II¢ its linearisation has full rank. For elementary facts concerning
analytic sets, real and complex, see [Mil] and [GR], Sections II, III.
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4 Finite-gap manifolds and theta-formulas

We start with famous finite-gap solutions for the KdV equation under zero-
meanvalue periodic boundary conditions:

27
U= lg(um +3u?), w(t,x) = u(t,z + 2m), / udx = 0. (KdV)
4 0x 0
The finite-gap solutions fill invariant submanifolds 72" C Hg(S!) with inte-
grable dynamics on them, as in Section 2. To study the manifolds 72" we
shall use the Its - Matveev formula which represents the finite-gap solutions
in terms of theta-functions.

4.1 Finite-gap manifolds for the KdV equation
The L, A-operators for the KdV equation are £, = 78%22 —u and A, =

88—;3 + %u% + %uz. Indeed, calculating the commutator [A, L]v one sees that
1

most of the terms cancel and there is nothing left except (Zumw + %uum)v
Thus, [A, L] is an operator of multiplication by the r.h.s. of KdV and the
equation can be written in the form (3.4). For the scale {35} we take one of
the following scales of complex functions: or the scale of 2m-periodic functions,
or the scale of 27-antiperiodic functions, or the scale of 4m-periodic ones.

It is well-known [Ma, MT] that the spectrum of the Sturm-Liouville op-
erator £, acting on twice differentiable functions of period 47 is a sequence

of simple or double eigenvalues {)\; | j > 0}, tending to infinity:
)\0<)\1§/\2</\3§/\4<"'/‘OO.

Corresponding eigenfunctions are smooth if the potential u(z) is. The spec-
trum {\;} can be also described without doubling the period: it equals the
union of the periodic and antiperiodic spectra of the operator £,,, considered
on the segment [0, 27]. Below we denote A = {\g, A1,...} and refer to the
sequence A = A(u) as to the periodic/antiperiodic spectrum of the operator
Ly
The segment A; = [Agj_1,A2;], j = 1,2,..., is called the j*" spectral gap.
The gap A; is open if Ay; > Aoj—1 and is closed if Ayj = Agj_1.
Example. For u = 0 we have Ao, = k?/4, k > 0, and \y_q = [2/4,1 > 1.
Corresponding eigen-functions are (27)~'/2coskx/2 and (27)~'/?sinlz/2.
All gaps A; are now closed. O

If u(t,x) is a smooth x-periodic function, then the linear equation v =
Aut,z)v, v(0,2) = vo(z), has a unique smooth periodic solution v(t,z) for
any given smooth periodic initial data vg(z) (this follows from an abstract
theorem in [Paz]). Hence, Lemma 4 with {35 = H*(R/47Z)} imply that the
sequence A is an integral of motion:

A(u(t,+)) is time-independent if u(¢, ) is a solution of the KdV.  (4.1)
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Let us fix any integer n-vector ¥ = (V4,...,V,) € N” where V] < --- <
V,., and consider a set T¢",

74" = {u(e) | the gap A;(u) is open iff j € {Vi,..., Va}}.

This set equals to the union of isospectral subsets T™(r) = T%(r) with
prescribed lengths of the open gaps: 74" = UTE]R1 T (r), where T%(r) =
{u(x) € T§" | |Ay,| = r; Vj}. By (4.1) each set T%(r) is invariant for the
KdV-flow.

Remarkably, the whole spectrum A of an n-gap potential is defined by
the n-vector r and analytically depends on it [GT]. Each set T4 (r) is not
empty and is an analytic n-torus in any space H§ = Hj(S'). The tori T4 (r)
are analytically glued together, so 7T#" is an analytic submanifold of each
space H{. — These are well-known results from the inverse spectral theory
of the Sturm-Liouville operator £,, see [Ma] and [Mo, GT, MT]. So the
inverse spectral theory provides us with KdV-invariant 2n-manifolds foliated
to invariant n-tori.

4.2 The Its—Matveev theta-formulas

To check that the n-gap manifolds 7¢" of the KdV equation possesses the
properties (i)—(iv) from Section 2, we have to present an analytic map ®( as
in Section 2 and to check its properties. We shall write the map ®( in terms
of theta-functions, following [D, BB].

Let us take any n-gap potential u(z) € T4 (r) and denote by Eq(r) <
Es(r) < -+ < FEa,41 end points of the open gaps plus Ay (so E; = ¢ and

Ay, = [Es, Es), ..., Ay, = [Fan, Fant1]). The Riemann surface I' = T'(r) of
genus n,
2n+1
T ={P=(\p|p*=RNr) =[] A=E)}
j=1
has branching points at Ejy, ..., Es,41 and co. Let ay, ..., a, be the ovals in

I lying above the open gaps Ay, ,..., Ay, (i.e., a; = 7 ' Ay,). After ' is cut
along these ovals, it falls to two sheets I' ., I'_, chosen in such a way that p
is positive on the upper edge of the cut [Eo,41, Es] in T'y.

We supplement the ovals a; by n b-circles by, ..., b, in such a way that
the circles have the canonical intersection matrix: a; oa; = b; ob; = 0 and
a; ob; = d0;;. Next we take a basis dwy, ..., dw, of holomorphic differentials
on I, normalised by the conditions (dw;,ar) := §, dw; = 27id;), . These
differentials exist and are uniquely defined by the normalisation.

The Riemann matrix B = B(r) = (Bj) of the curve I' is defined as the
matrix of b-periods of the differentials dw;:

Bjk = <dwj, bk>
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Under our choice of the a, b-cycles, the matrix B is real (see [BB, KK]). Its
symmetric part is negatively defined due to general properties of the Riemann
matrices.

Now we define the theta-function 6 of the curve I' = I'(r):

0=0(z7)= Y exp <;(B(r)5,5) + (z,s)>,

SEL™

where z € C” (the sum converges due to the properties of the Riemann matrix
B). Clearly the function is 2m-periodic in imaginary directions: §(z+2mwiey) =
0(z), where ey, is the k-th basis vector of C™. The differentials dw,; analytically
depend on the parameter » € R"! as well as the matrix B(r). Therefore the
function 0(z;r) is analytic in r € R7.

Since the matrix B is real, then 6 is real and even: 6(z) = #(Z) and 0(z) =
0(—2). In particular, this function is real both in real and pure imaginary
directions.

Next, on the surface I'(r) we consider Abelian differentials of the second
kind df21, dQ23 with vanishing a-periods and with the only poles at infinity
of the form

A = dk + (c+ O(k™2)) dk™!, k = ivVA — oo,

4.2
dQy = dk® + O(1)dk™ !, 4.2)

where ¢ is an unknown constant. The normalisation (4.2) defines the differ-
entials uniquely, see [S, NMP,BB]. Besides,
i\ + 3 A4

SN, dQy = D T d, (4.2))

dQ, =
2 %

where the dots stand for real polynomials of degree n — 1.
Let us define complex n-vectors iV (r) and ¢{W(r) as the vectors of b-
periods of these differentials:

Z‘/J = <d917bj>7 Z.Wj = <d93,bj>.

The vector V is called the wave-number vector and W — the frequency vector.
The vector W is real and the vector V is integer. Moreover, V' equals to
the vector, formed by the numbers of the open gaps, see [BB, KK] (the latter
vector was earlier denoted also as V).
One of top achievements of the finite-gap theory is the Its—Matveev for-
mula, which represents any n-gap potential u(z) € T™(r) in the form

2

2@ Inf(iVa +i3;7r) + 2c. (4.3)

u(z) = u(w;r,3) =

Here the constant ¢ is the same as in (4.2). Since the mean-value of the
r.hes. in (4.3) equals 2¢, then we must have ¢ = 0. The vector 43 in (4.3)
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is i3 = —A(D) — K, where K is the vector of Riemann constants (see [D,
BBJ) and A(D) is the Abel transformation of a positive divisor D = D(M),
D =Dy...D\, D € a;. Le., A(D) is a complex n-vector such that its jth
component A(D)| equals

A(D); = zn:/D dwy,

r=1v>

where {dw;} are the holomorphic differentials on I' as above. The divisor D is
a divisor of Dirichlet eigenvalues, i.e. D; = (Aj, it;), where A; is an eigenvalue
of the operator £,, subject to Dirichlet boundary conditions ¢(0) = ¢(27) =0
(each gap A; contains exactly one point from the Dirichlet spectrum, see [Ma,
MT]).” In particular, every point D; analytically depends on u.

The phase vector 3 turns out to be real, so 6(iVx + i3) is a real valued
function of . The theta-function is nonzero at any imaginary point i€ € i{R"
(see in [BB]). Since this function is periodic, then |0(i€)| > C(r) > 0 for any
real vector £. Hence, the r.h.s. of (4.3) is analytic in 3 € T™.

Due to the periodicity, we can treat 3 as a point in the torus T™. Thus we
get an analytic map:

() —=T", u(:)+— 3.

This map has the analytic inverse given by the formula (4.3). The coordinate
3 on a finite-gap torus T"(r) is called the theta-angles.

Time-evolution u(t, z) of the n-gap potential u(xz) € T™(r) as in (4.3) along
the KdV flow is given by the following formula, also due to Its—Matveev:

2
u(t,z;r,3) = 2% Inf(i(Va + Wt +3);7) (4.4)
(we use that ¢ = 0).
Denoting by G the function G(3,7) = 266—; In@(iVz+i3;7) |p=0, we write
u as u(z;r,3) = G(3 + Vx,r). So the n-gap torus T"(r) is represented in the
form
T"(r) = ®o(r,T") C H,

where for any 3 € T", ®g(r,3) is the analytic function ®¢(r,3)(z) = G(Vx +
3,7). The formula (4.4) can be written as

U(t, €T; Tvé) = @0(”'73 + W(T)t)(x)

This shows that in the (r,3)-variables the KdV-flow on 72" takes the form
3 = W(r). Le., the theta-angles 3 integrate the KdV-equation on any torus
T (r).

" This divisor can be also described as a divisor of poles of the Baker—Akhiezer

eigenfunction ¢(x; P) of the operator L, L,¢ = 7(P)p, normalised at infinity

Az,

as @ ~ e’ ; see [D, BB].
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Let R be a sub-cube of the octant R”} of the foom R={r e R} |0 <r; <
K} with some K > 0, and

T2 = dg(Rx T") C T2" (4.5)

for any wave-number vector V. The set 72" C H{, d > 1, is an invariant
manifold of the KdV equation. It meets the assumptions i)-iii) from Section
2 since: The map ®g is an analytic embedding and 72" is an analytic sub-
manifold of H¢. The form ® ay is analytic and is non-degenerate for small r
since it is nondegenerate at r = 0 by Theorem 3.1, so the set of its degeneracy
is a proper analytic subset of the cube R (in fact, it is empty).

The non-degeneracy assumption iv) also holds, as states the following Non
Degeneracy Lemma:

Lemma 6. The determinant det{OW;/0ry} is nonzero almost everywhere.

This result can be proven directly [BiK2, KK], or can be obtained as an
immediate consequence of another lemma (proven in [BoK1, KK]):

Lemma 7. For any finite-gap manifold T3" the corresponding frequency vec-

tor W as a function of v analytically extends to the origin and has there the

following asymptotic: W;(r) = —in + Sﬂ?’vj 7‘]2- +O(IrY,i=1,...,n.

4.3 Higher equations from the KdV hierarchy

Let us take any n-gap manifold 73". The manifold itself and each torus
T™(r) C T are invariant for all Hamiltonian equations with the hamilto-
nians Ho, Hi,... from the KdV-hierarchy (see Example 3.2). The flow of
any [-th KdV equation on 73" is very similar to the KdV-flow: it is given by
the theta-formula (4.4) where the frequency-vector W should be replaced by
an n-vector W formed by b-periods of some Abelian differential dQop41.
All results till Lemma 6, stated above for the KdV equation, have obvious
reformulations for the higher KdV’s. An analogy for Lemma 7 is given by the

following statement: The vector W) is analytic in r3,...,r2 and
W (r) = Wi + wir? +o(r[h) (4.6)
for any j = 1,...,n, with some non-zero constants Wj(i). Any manifold 73"

treated as an invariant manifold of an Ith KdV equation satisfies assumptions
i)-iv) for the same reason as for [ = 1 (i.e., as in the KdV-case).

4.4 Sine-Gordon equation under Dirichlet boundary conditions

Similar to the KdV-case, the equation (SG)+(EP) (see Example 3.3) has
time-quasiperiodic finite-gap solutions with n basic freqencies which can be
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written in terms of theta-functions. To symplify presentation we restrict our-
selves to finite-gap solutions with even number of gaps, so

g=2n
everywhere below. These solutions can be written as £ = (u,v)(t,z; D, 1),
where v = —u and

0(i(Va+Wt+D+A))

ult @) = 2ilos = o = D)

(4.7)

Here 6 is a theta-function of the Riemann surface T,

T=T()={\p > =2][O=E)AN-E)(A— B H(A—E )},

Jj=1

A is the vector (m,...,7), the wave-number vector V and the frequency
vector W are constructed in a way, similar to the KdV-case and

D:(Dl,...7Dn, Dn,anl,...,Dl), D:(Dl,,Dn) e T".

The vector r = (E,...,E,) is a point from some connected n-dimensional
real algebraic set R, which is a bounded part of the set C}, C = {z + iy |
y > 0}. The algebraic set R is “smooth near the real subspace” in the sence
that for some §y > 0 the set Ry = {(E1,...,E,) € R|0< Ej; <y Vj}isa
smooth n-dimensional real analytic manifold.

Since the set of branching points of the surface I' is inversion-invariant,
then the vector W (the vector V') turned out to be symmetric (antisymmet-
ric) with respect to the involution T', T'(Us, ..., Usy,) = (Uap, ..., U1):

TW =W, TV=-V.

Hence, W and V are determined by the vectors W and f/, formed by the
last n components:

W:(Wn+17"'7W2n)v V:(VnJrlvv‘/Qn)

These vectors also will be called the frequency and wave-number vectors.

The wave-number vector V(r) is an r-independent integer vector (this
guarantees that u is 27-periodic in ). An important property of the family
of solutions we discuss is that the closure R contains an unique real point r° =
(EY,...,EY) € R* and u — 0 when r — 70 (this convergence corresponds
to a degeneration of the Riemann surface I' when the gaps [E;, E;] shrink to
points). Moreover,

uw(0,z; D, r) = Z 5j<cos(Vn+jx + D;) + cos(—Vpqjz + Dj)) + o(le]?),
j=1

(4.8)
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where € — 0 as r — r¢. For the sake of simplicity we restict ourselves to
finite-gap solutions such that first n gaps are open in the sence that

(Vs Van) = (1,...,n). (4.9)

The frequency vector W is analytic on the algebraic set R and satisfies
the following analogies of Lemmas 6 and 7:

a) the tangent map W (r), is nondegenerate for a.a. r € R;

b) the set Ry admits analytic coordinates pi1, ..., tt, such that ImE; — 0
as pt; — 0, the map W is analytic in w and

WrH—j(O) =vl1 +j2=:J",

OWnyj o= { —16/5%, j<n,j#k, (4.10)
n=0=—

Em —12/5*, j = k.

The set of time-quasiperiodic solutions (4.7) is incomplete in the sence
that the infinitesimal solutions (4.8) do not contain the “cos0z” term g - 1.
The reminding solutions are odd-gap, they can be treated similar.

For all these results see [BB], [BiK1, BoK2] and [KK].

A solution (4.7) is winding in a torus

T"(r) = {£(0,;D,r) | D € T"}.

Altogether the tori form a set 72" = J, ., T"(r) which is an image of T" x R
under a map Py, defined in terms of the r.h.s. of (4.7) as in the KdV-case.
The set 72" and the map ®q satisfy the assumptions (i)—(iii) for the same
trivial reasons as in the KdV-case, while assumption iv) follows from a).

5 Linearised equations and their Floquet solutions

5.1 The linearised equation

Below (Z, o) stands for a symplectic space (Z = Zg,as = Jdz A dz) with
some fixed d. We continue to study a quasilinear Hamiltonian equation

= JVH(u) = J(Au+ VH(u)) =: Vy(u), (5.1)

where ord A = da, ord VH = dy < dy, ordJ = dy and d > da/2. The
equation is assumed to possess a 2n-dimensional invariant manifold 72" C Z
as in Section 3, satisfying the assumptions i)-iv). By iii), the regular part
T&" of T2" is filled by smooth solutions ug(t) of (5.1) of the form wug(t) =
uo(t570,30) = Po(wo(t)), where wo(t) = (ro,30 + tw(rg)) € Ry x T™, ¢t € R.
We linearise (5.1) about a solution wug as above to get the nonautonomous
linear equation

0= J(Av + VH (ug(t))«v) =: JA:(t)v, (5.2)
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which is our concern in this section. We recall that linear flow-maps of equa-
tion (5.2) (if they exist) are denoted as St,(uo(7)) (see Definition 1), and
supplement the assumptions i)-iv) assuming that

(v) for any solution ug of (5.1) in T@" the flow-maps St, (uo(7)), —00 <
T,t < 00, are well defined in the space Z = Z,.

Since the equation (5.1) is Hamiltonian, then the low-maps SL, (u) (u € T2")
are symplectomorphisms of the symplectic space (Z, as) (see [KK]).

To study equation (5.1) near 72" we shall impose an integrability as-
sumption on the linearised equation (5.2). Roughly speaking, this assumption
means that the equation (5.2) has a complete system of time-quasiperiodic
Floquet solutions.

Since the time-flow of (5.2) is formed by linear symplectomorphisms which
preserve tangent spaces to 72", then the flow also defines symplectomor-
phisms of skew-orthogonal complements T 77" to the spaces T, 77" in
Ty Z ~ Z.8

5.2 Floquet solutions

We call a solution v(t) of the equation (5.2) a Floquet solution if there exists
a section W of the complexified tangent bundle to Z, restricted to 72" (i.e.,
Ry xT"™ 3 (r,3) — ¥(r,3) € Tq,o(r’aﬂ?”), and a complex function v(r) such
that the solution v has the form

v(t) = v(t;r0,30) = €T (wy(t)), wo = (ro,30 + tw(ro))- (5.3)

It is assumed that v(t) solves (5.2) for any choice of 79 € Ry and 30 € T™.
We call v(r) the (Floguet) exponent of a Floquet solution v.

A Floquet solution v(t) is called a skew-orthogonal Floquet solution if ¥ in
(5.3) is a section of the complexified skew-normal bundle T+¢T2" (its fibres
are complexifications of the spaces Ty T#").

Let us assume that equation (5.2) has an infinite family of Floquet solu-
tions v = v;(t). Clearly if v; is a Floquet solution, then T, is a solution with
the exponent —7;(r), corresponding to the section @j. We add this solution
to the family; if a solution with the exponent —7(r) already was there, we
replace it by v;. Now the family is invariant with respect to the complex
conjugation and the set of all exponents is invariant with respect to the invo-
lution v — —7. In addition we suppose that the set of exponents is invariant
with respect to the complex conjugation v — ¥ (this assumption holds triv-
ially if all the frequencies are real); hence the set is invariant with respect to
the involution v — —v.

It is convenient to enumerate the Floquet solutions by integers from the set
Zp ={£(n+1),£(n+2),...}. We do it in such a way that v_;(p) = —v;(p)

8 T T¢&™ is formed by all vectors & € Ty, Z such that az(£,1) = 0 for each n €
TuTo"
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and ¥_; = U; if v; is real. So below we consider the following system of
Floquet solutions :

vi(t;r0,30) = ei”j(m)t\llj(ro,go +tw(rg)), jE€Zy; v_;j(r)=—-vi(r). (5.4)

For each index k we denote by k an index such that v;, = V. Clearly k=k
for any k and k = k if vy, is real. We note that the hat-map is r-independent
in any connected sub-domain of Ry where all the functions v;(r) are different.

A frequency v; can have an algebraic singularity at the set A; formed by
all 7 such that v;(r) = v,(r) for some p # j. Situation becomes too intricate
if there are infinitely many nontrivial sets A;. To avoid this complexification
we assume that

a) there is a nonempty sub-domain of Ry where v; # v, if j # k. Moreover,
there exists j; (depending on 72") such that v;(r) # vy (r) for all 7, all k
and all |j] > j1, j # k.

Since v_; = —v;, then by this assumption v; # 0 if j > ji.
The exponents vy, with |k| > j; are assumed to be real analytic:

b) for any k such that [k| > ji, v is a real-valued analytic function on R (so
v = —v_y, and W_j = Uy). The section ¥}, extends to an analytic map
II° x {|Im 3| < 6} — Z° and vy, extends to an analytic function on II°.

In particular, k = k if |k| > ji.

For sophisticated integrable equation like the SG equation some exponents
vi(r) with |k| < j1 have non-trivial algebraic singularities. The assumptions
we shall impose now on the exponents v with |k| < j; (below we call such
k small), are made ad hoc — they are met by Floquet solutions of Lax-
integrable equations. These assumptions are empty for integrable equations
with seladjoint L-operators, e.g., for the KdV equation.

Let us denote M = j; —n — 1.

c) The functions v; with small j are continuous in R and have the form
vj(r) = (Aj(r),r), where {\;(r)} are branches of some 2M-valued alge-
braic function, defined on II¢, and 7 is an analytic complex function.

By c) the functions v; with small j are algebraic (as well as the functions
Aj). They are analytic in II¢ outside a discriminant set D of the algebraical
function 7. We note that D N R is a proper analytic subset of R since no two
exponents v;, v, coincide identically in R by the assumption i).

The set D N R contains algebraic singularities of the Floquet exponents
and is contained in the set

A ={reR°|vi(r)=uv(r) for some j#k, with |j|,|k|] < ji},

which is a proper analytic subset of R°. It contains zeroes of the exponents
v; since they are odd in j. We add A to the singular set RS:

RC:=R°U(ANR), Ry:=R,U(ANR),
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and modify the regular set Ry accordingly.

Example. Eigenvalues {\;} of a real matrix B(a) which analytically de-
pends on a real vector-parameter a are zeroes of the characteristic equation
det(B(a) — AE) = 0 and are algebraic functions of a. A priori they have
singularities at the sets Ajz = {\; = Ax}. Some of these singularities can
be removed by re-enumerating the eigenvalues before or behind the sets Aj.
In particular, if the matrix B(a) is symmetric, then under proper enumera-
tion the eigenvalues have no singularities at all (this is Rellich’s theorem, see
[Kat2,RS4]). However, if A\; and A, are real “before” Aj; and have nontrivial
imaginary parts “behind” Aj, then a singularity at this set is unremovable.

Now we pass to smoothness of the sections ¥; with small j (|j] < j1):

d) There exists a bounded analytic map (r,3, A\) — \T/(T‘,j, A) € Z€, such that

Ui(r,3) = \T/(r,j;)\j(r)) for (r,3) € Ry x T™ and all small j.
This assumption agrees with smoothness of eigenvectors in finite-dimensional
spectral problems:

Example (continuation). Let us denote by B/ = (Bljm |1 <1l,m<mn)the
matrix B?(a) = B — Aj(a)E, so B{ = \;€ if B¢ = 0. Let us assume that
tkBi(a) =n—1fora ¢ A; = J, Ajr and denote by &, (a) the algebraic
complement to the element B (a) in the matrix BJ. Then the vector { =
(&1,...,&,) isnonzero for a ¢ Aj and Y, Bj &, = 0since: for | = n the sum
equals det B/ = 0 and for | # n it vanishes by an elementary linear algebra.
The vector ¢ is an eigenvector of B. It is a polynomial in the eigenvalues \;
and in the elements of the matrix B. It vanishes at A;.

5.3 Complete systems of Floquet solutions

Let us take any basis {¢; | j € Zo} of the Hilbert scale {Z;} and assume
that the basis is symplectic, i.e.,

— 0 .
zlpj, p—k] = (Jpj, o—k) = ij for all j,k € Zo, (5.5)
J
where 1/]‘7 = fz/fj and I/JJ > 0 if j is positive. Due to (5.5), Jor = ¢_x/vj

for any k € Zg. Since J is an anti selfadjoint isomorphism of the scale {Z}
of order —d; < 0, then Cl_lde < I/j‘] < C1j% for every j > 1 with some
C1 > 1. For any real s we denote by Y; the Hilbert space

Y, =span{y; | j € Z,} C Z,.

The spaces {Y;, a2 |y, } form a symplectic Hilbert scale with the basis {¢; |
J € Zyp}. In Yy we choose some complex basis {¢; | j € Z,} and assume that
it is symplectic:

az[Vj, Y_k] = k1. (5.6)
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Besides, we assume that for big j it agrees with the basis {¢;}:
pi=ifv] and Yij = (p; Fiv_;)/V2 it j>ji. (5.7)

Example. If {¢;} is the trigonometric basis as in (1.1), i.e. o5 = 71/ 2cos kx
and p_;, = —n/Zsin kx,_then for |k| > j1 the functions 1 are complex
exponents, ¢y = (2r)~1/2etk®,

Let {v;} be a system of Floquet solutions as in Section 5.2 and {¥;} are
corresponding sections. For any (r,3) € Ry x T™ we denote by ®;(r, 3) a linear
map from Y¢ = Y7 to Z¢ which identifies 1; with ¥;:

Oi(r,3): Y = Z° o= V,(r,3) Vi€Z,. (5.8)

The map ®; will be used to formulate an important assumption of com-
pleteness of a system of Floquet solutions. Before to do this we cut out of
the set Ry some “neighbourhood of infinity” and any neighbourhood of the
singular set Rs to get an open domain Ry,

R, € Ro\Rs.

Possibly, R; is disconnected. To simplify notations we assume that R; belongs
to a single chart of the analytic manifold Ry and treat R; as a bounded do-
main in R™. We fix any bounded complex domain R{ which contains R; with
its d-neighbourhood and does not intersect the singular set RS. We denote
by Wi the set W1 = R; x T™ and denote by W7 its complex neighbourhood,
W§ =R x {|Im3| < §}.

Definition 3. A system of Floquet solutions (5.4) which satisfies the ana-
lyticity assumptions a)—d) is called complete (in the space Z = Zy) if:

0) it is formed by skew-orthogonal Floquet solutions,
and for any (r,3) € Ry x T™ we have:

la) the functions §; = iaa[¥;(r,3),¥_;(r,3)], j € Zy, are 3-independent:
Bi = B;(r),

b) there is a non-empty sub-domain of R where no function 3;(r) vanishes
identically,

c) the vectors {¥;(r,3)} form a skew-orthogonal system in the space

T‘Ifoc(r,a) T27 that is:

O[Q[\I/j,\lf_k] = iﬁj(r)éjyk V],k' (59)

2) The vectors {¥;(r,3)} are uniformly asymptotically close to the complex
basis {¢;} and the exponents v;(r) are close to constants. Namely,

a) the linear map ®4(r,3) equals to the natural embedding t Y < Z up to
a A-smoothing operator, A > 0:

|1®1(r,3) — tllaa+a < Cy  for all (r,3) € WT; (5.10)
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b) for large j the functions 3;(r) in (5.9) are analytic in R{ and are there
close to the constants (1/]‘-])_1, defined in (5.5) (cf. (5.7)):

|ﬁj(r)—1/uj‘-]| < Colj|™* forr € RY (5.11)

with some » > max(1,d; + A);
c) the exponents v; are bounded in R{ and are there “asymptotically close
to constants”. That is, [v;(r)| < Cs|j|4* for r € R{ and

V()| < Calj|> for r € RS (5.12)

with some real A < da+dy.

The constants Cy — Cy in this definition may depend on the domain R;
but not on j.

Since ¥_;(w) = ¥;(w) for real w and big j, then the corresponding func-
tions ; are real and f_; = —f;. As p; > C~1j=%  then by the assumption
(5.11) we have that [8;(r)| > Su; for all r € RS and j > ja, with some new
constant jo. We consider the product

o) =TI 8.

Jj=n+1

It follows from the properties ¢) and d) that the function b is analytic in II¢
(see [KK]). Due to 1b) a set of its zeroes in R° is a proper analytic subset.
We add it to the complex singular set RS and accordingly modify the sets
R and Ry. If it is necessary, we also decrease the domain R; so that the
inclusion Ry € Ry \ Rs still holds true.

Remark. The set R as it is defined now is the final singular set for our
constructions. It comprises: 1) the singular part of the algebraic set R, 2) the
set of degeneracy of the pull-back symplectic structure ®fas, 3) algebraic
singularities of the Floquet exponents and 4) points where any two of them
coincide. Finally, it contains 5) the zero-set of the function b we have just
constructed. The last set is a set of degeneracy of the system {¥,} since a
vector U,(r,3) is skew-orthogonal to the tangent space T, 7% and to all the
vectors Wy(r,3) as soon as B;(r) = 0. In the same time in Lemma 8 below
we prove that the vectors {¥;} form a basis of the skew-orthogonal space

TLreT2n if r ¢ R,.

The set Ry € R \ Rs; may be chosen to occupy most part of Ry in the
sense of measure: If R is a bounded chart of the manifold Ry, mes,, is the
Lebesgue measure in R and ~ is any positive number, then R; can be chosen
in such a way that

mes, (R \ R) < 7. (5.13)

A complete system of skew-orthogonal Floquet solutions spans the skew-
orthogonal spaces T-¢T 2" in conformity with the term “complete” we use:
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Lemma 8. For any w € W{ the map ®1(w) defines an isomorphism of the
spaces Y and T-T?", where u = ®¢(w). ?

Proof. By (5.10) the map ®4(w) is a compact perturbation of the embedding
1Y® — Z¢ so indc @ (w) = indt = 2n. As a range of ®; lies in T-¢T2",
then dimc Coker @1 > 2n. So if we can show that Ker ®; = {0}, then the
range of ®; equals T-¢T2" and the assertion will follow. Suppose that the
kernel is non-trivial. Then it contains a nonzero vector { = 3 y;1; and we
have 0 = ®:£ = ) y;¥;(w). The skew-inner product of the right-hand side
with any vector ¥_;(w) equals iy, 3;(r) (see (5.9)). Thus, y; =0 and £ = 0.
Contradiction. O

Decreasing in a need the complex neighbourhood W7 of Wi we easily get
the following result:

Lemma 9. For any s € [—-d —dj — A,d+ A] the operator ®1(w) : Y — Z¢
analytically depends on w € W{ and is uniformly bounded. Moreover, for any
s as above the map ®1(w) — 1Y — Z5, A is analytic in w € WT as well.

Example ((Birkhoff-integrable systems, see [K1, p.401). and [Kap, BKM])]
Let Z be a space of sequences £ = (x1,y1;x2,¥2;...), given some Hilbert
norm and given the “usual” symplectic structure by means of the 2-form
Jdg A dE, where J(x1,y15...) = (=y1,215. .. ). We denote p; = (27 + y3)/2,
q; = Arg(z; + iy;) and consider an analytic hamiltonian h(pi, ps,...). The
subspace 72" C Z formed by all vectors & such that 0 = 2,11 = Yp1 = ... is
invariant for the Hamiltonian vector field V}, and the restricted to 72" system
is obviously integrable. Let us denote p" = (p1,...,Pn), ¢"(t) = (q1,---,qn)
and denote by v; the functions v, (p") = %};S’”'), j > 1. We shall identify
p™ with the vector (p™,0,...).
The manifold 72" is filled with solutions

&(t) = {p" = const,q¢" =" (p") + ¢"; pr =0 for r > n},

where " € T™ and v™ = (v1,...,V,). For any j > n let us consider a smooth
variation (¢, ) of a solution £(t), which changes no action p; except p; and
makes the latter equal £2:

E(t,e)={p"(t)=p",q"(t) = tv" (") +qp (e); zi(t) = wi(t) =0 if I >mn,l#j}

and z;(t) = e cos(tv;
The curve 0; = agf(
&(t). Tt equals

(") +p(€)), y; = esin(ty; (p")+¢(c)) , where p(e) € ST
t,€) |e=o is a solution of the equation, linearised about

™

i (t, ) = {0p™ = 0,6¢" = ¢¢' (0); dx(t),oy(t)},

9 For a complex w and u = ®o(w) we define T;-°T>" as the set of all z € Z° such
that as[z, ®o(w).£] = 0 for any & € T, WT.
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where 0z,.(t) = dy,-(t) = 0if r # j and

dxj = cos(tv;(p") +¢), oy; =sin(tv;(p") +¢), ¢ = ¢(0).

The curve v,y (t) = {0p" = 0,0¢"™ = ¢’ (0); dx = dy = 0} is a trivial
solution of the linearised equation (it may be obtained using a variation
of £(t), corresponding to a rotation of the phase-vector ¢™). An appropriate
complex linear combination of the solutions 7;(¢,0), ©;(¢, 7) and of the trivial
solution as above takes the Floquet form v;(t) = ei”i(p")t\llj, where ¥; =
(0,...;4,1;0,...) (the pair (i,1) stands on the jth place).

Let us suppose that |v;| < Cj94 for some d4 and that (5.12) holds. Then
the system of Floquet solutions {v;,7; | 7 > n + 1} is complete in the sense
of Definition 3.

This example illustrates well the definition but it is too simple and so
too restrictive: to be Birkhoff integrable a finite-dimensional system has to
have dim Z/2 integrals of motion, but to have a complete system of Floquet
solutions for the equations linearised about solutions in 72" it needs only n
of them (see below Proposition 2).

To be useful in analytical studies of the equation (5.1) and its perturba-
tions, a system of Floquet solutions should be complete and non-resonant:

Definition 4. A system of Floquet exponents {v;(r) | j € Z,} satisfying
a)—c) is called non-resonant if:

3) there exists a domain O C Ry such that for all s € Z™ and all j, k € Z,,
j # —k, we have:

w(r)-s+wvi(r)#0 inO, (5.14)

w(r)-s+uv;(r)+uv(r)Z0 in O. (5.15)

The system of Floquet solutions with non-resonant exponents also is called
non-resonant.

Since the exponents v; are algebraic (or analytic) functions, then zero-set
of any resonance is nowhere dense.
Finally we give:

Definition 5. A system of Floquet solutions (5.4) satisfying a)-d) is called
complete non-resonant if it satisfies assumptions 0)-3) from Definitions 3, 4.

It turns out that the assumption 1) follows from 3):

Lemma 10. Any non-resonant system of Floquet solutions satisfy assump-
tions 0),1a) and 1c) from Definition 3.

Proof. To check 1c) we should prove that for any j # —k the function
F(r,3) = as[¥;, ;] vanishes identically. To do it let us consider the function

f(t;7,3),
fri= eVt ag [ W (w(t)), U (w(t))] = aslv; (t), v (1)),
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where w(t) = (r,3 + tw(r)). Since the flow-maps S;>, are symplectic [KK],
then the skew-product of any Floquet solutions v; and vy, is time-independent

and
_df

0=
dt lt=0

=i(v; +vg)F + V,F - w.

Let us expand F as Fourier series, F' = i3 (r,s). From the last identity
we get that F(r, s)(vj+vp+s-w(r)) =0 for all s and all r. Since the second
factor is nonzero for almost all 7, so F/(r,s) = 0 and F(r,3) = 0.

If j = —Fk, then we have: const = asv;(t),v_;(t)] = [¥;(w(t)),
U_,(w(t))]. Because the assumption iv) (Section 3), the curve w(t) is dense
in a torus {r} x T™ for almost all 7. So the left-hand side of (5.9) with k = —j
is 3-independent for almost all r. By continuity, it is 3-independent for all r,
as states la).

To check 0) one has to argue similar, using variations dr, 3 of the initial
conditions for the curve w(t). O

Corollary. A system of Floquet solutions (5.4) which meets the assumptions
a)—d) from Section 5 as well as the assumptions 2), 3) from Definitions 3, 4 is
skew-orthogonal to 72" and is complete non-resonant, provided the assump-
tion 1b) holds. The latter happens e.g., if there exists a point r, € R such
that U;(r,3) — ¢, as r tends to r,.. Here R signifies the closure of R in RY
where R is a subset.

Practically the point r, corresponds to the zero-solution of the equation
(5.1) (or another trivial solution).

This result simplifies verification of completeness for a system of Floquet
solutions since it is much easier to check the non-resonance relations (5.14),
(5.15) than the completeness la)-1c).

The transformation ®; integrates the linearised equation (5.2): it sends
the curves y; = ¢ ("0)4); to solutions v;(t) of (5.2). It is convenient to have
this transformations symplectic. For this end the sections {¥;} have to be
properly reordered and normalised by multiplying by some analytic functions
of r; simultaneously the basis {i;} also have to be transformed by a linear
symplectomorphism which changes finitely many its components only. In this
way the following result can be proven:

Proposition 2. Given any complete system of Floquet solutions (5.4) we
can normalise the sections {¥;} and the basis {1;} is such a way that the
new basis still meets (5.6), (5.7) and the new system of Floquet solutions still
is complete. Besides,

a) for any (r,3) € Wy = Ry x T™ the map ®1(r,3) defines a symplectic
isomorphism of Y and T;-(T,a)ﬂ" which analytically in (r,3) € W extends
to a bounded linear map Y°¢ — Z¢;

b) the nonautonomous linear map ®1(r, 3+tw(r)) sends solutions of an au-
tonomous equation y = JB(r)y, y € Y°, to solutions of (5.2). The selfadjoint
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operator B(r) is analytic in r. Besides, ord B(r) < ds and ord V. B(r) <
—dj — A. Spectrum of the operator JB(r) equals to the set of Floquet expo-
nents of the solutions (5.4).

The basis {¢;} may depend on a connected component of the set R;.

The leading Lyapunov exponent of equation (5.2) in Z,4 is a number a equal
to the supremum over all real numbers a’ such that Tim ;_,oce™®*||v ()4 = oo
for some solution v(t) C Z; of (5.2). A solution ug(t) of (5.1) is called lin-
early stable if the leading Lyapunov exponent of the corresponding linearised
equation (5.2) vanishes.

A direct consequence of Proposition 2 is the following

Corollary. If the linearised equations (5.2) have complete system of Floquet
solutions, then the leading Lyapunov exponent of the equation corresponding
to a solution wy = wg(t;r,3) with r € Ry equals vi(r) =
max{Imv;(r) | n < |j] < j1}.1°

Indeed, by the proposition any variation u'(¢) of a solution ug(t) can be
written as ®g(ug)«(r',3’) + P1(ug)y’ and in terms of the prime-variables the
equation (5.2) reads as

P =0, }=wl), ¥ =JBr)y. (5.16)

Decomposing 3/(0) in the basis {¢;} we find that e~*||u/(¢)||s — 0 as ¢
grows, if a > v!(r). If a < v!(r) and v; is an eigenvector of JB(r) with the
eigenvalue v; such that Imv; = a, then y/(t) = e~"i%)_; is the y’-component
of a solution of (5.16). A norm of this solution grow with ¢ faster than e®.

5.4 Lower-dimensional invariant tori of finite-dimensional
systems and Floquet’s theorem

Let O be a domain in the Euclidean space R?", given the usual symplectic
structure. Let Hy,...,H,, 1 <n < N, be a system of commuting hamiltoni-
ans, defined and analytic in O. Let T™ C O be a torus, analytically embedded
in O, which is invariant for all n Hamiltonian vector fields Vp,;. The vector
fields are assumed to be linearly independent at any point of the torus.

Under mild nondegeneracy assumptions on the system of hamiltonians (see
[Nek]), the torus T™ can be proven to belong to an n-dimensional family of
invariant n-tori 7,

mCT=|JT, 0eReR™ T" =Ty,
reER

where 72" is an analytic 2n-dimensional submanifold of O. Moreover, the
symplectic form, restricted to 72", is nondegenerate and 72" admits analytic

10 We recall that the functions v;(r) with |j| > ji are real valued by the assumption

b).
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coordinates (r,3), 3 € T™, such that for every j = 1,...,n the vector field
Vi, , restricted to 72", takes the form Y, w}(r)8/83 (the functions wh(r) all
are analytic).

Instead of presenting here the nondegeneracy assumptions, we just assume
existence of a family of invariant n-tori as above. Then for any 7 there exist
linear combinations Ki,..., K, of the original hamiltonians H; such that
for every j the vector field Vi, restricted to the torus 7" equals 0/03;.
Accordingly, at any point (r,3) € T every vector field Vi, defines N —n
Floquet multipliers eN(r) | = 1,...,N — n, corresponding to directions,
transversal to 727. ' For simplicity we assume that 72" is a linearly stable
invariant set of every vector field Vi, (so also of every Vp;). Then all the
functions /\{ (r) are real.

The following result is a version of the Floquet theorem “for multidimen-
sional time”. For a proof see [K3] and [KK].

Proposition 3. Under the given above assumptions, every vector field Vg,
linearised about its solutions in T>", has a complete system of N —n skew-
orthogonal Floquet solutions with real exponents v;(r).

We note that in the finite-dimensional situation which we discuss now, the
item 2) of Definition 3 becomes trivial.

6 Linearised Lax-integrable equations

Now we pass to the problem of constructing complete systems of Floquet
solutions of infinite-dimensional sustems. If (3.1) was a finite-dimensional
system (i.e., dim Z < co) with an integrable subsystem 72" as above, then
by Proposition 2 linearised equation (5.2) would have a complete system
of Floquet solutions provided that the equation (3.1) had n nondegenerate
integrals in involution. For infinite-dimensional systems the Floquet theorem
is unknown. In this section we show that for Lax-integrable equations Floquet
solutions can be constructed as quadratic forms of the eigen-functions of the
corresponding L-operator.

6.1 Abstract situation

Let u(t) be any smooth solution of a Lax-integrable equation (5.1)=(2.6).
For any smooth vector v we denote L;(v) = L;(t)(v) = % Loy(t)+ev , and
e=0

1 The multipliers are defined as eigenvalues of the linearized time-27 flow-map of
the vector field Vi, restricted to a skew-orthogonal component to the space
T(r;)T*". They are 3-independent, see [K3].
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similar define operators Aj(v). Differentiating equation (3.4) in a direction v,
we get a Lax-representation for the linearised equation (5.2):

d , ’ !
%Et(v) = [A}(v), L] + [As, Li(v)],

where A; = Ay ;) and Ly = L,,(). Let us consider smooth eigenvectors of the
operator Lo = L,, and of its conjugate operator Lf, corresponding to the
same eigenvalue \:

Loxo = Axo, L0 = Ao-

We assume that the following initial-value problems,

X(t) = Ax(®), x(0)=x0,  &(t) =—-A5E(1), £(0) =&, (6.1)

have smooth solutions x(¢) and &(¢). Then for any ¢ we have Lyx(t) = Ax(t)
and L7&(t) = X(t) (see Lemma 2.3 for the proof of the first relation; proof
of the second is identical).

We claim that

d
5 (Lre®)x. &) = 0. (6.2)
Indeed, abbreviating £}(v(t)) to £ and Aj}(v(t)) to A’, we write the left-hand
side of (6.2) as
(L/X€) + (L% €) + (L%, €)
= <£/X’ —A%E) + <([~A/7£] + [A, £,])X’§> + <‘CI~AX7€>
= ([, L]x, &) = (A'Lx, §) — (A'x, L7) = (A = ) {A'x,§) = 0.

Since L} (w) linearly depends on w € Z as an operator from 34 to 35 _g,
then

(Liw)x, &)3 = (w,q:(x,€))z Yw, (6.3)

where ¢:(x, &) = qu)(X,§) is an Z_y-valued quadratic form of x,§ € 3.,
which is C''-smooth in ¢. Hence, we can rewrite (6.2) as

d
For a moment let us denote ¢;(x, &) = w. Then
<U?At‘]w> = _<JAtan> = _<an> = <U7w>v (65)

where the last equality follows from (6.4). At this point we assume that
the flow-maps St,(u(7)) of the linearised equation (5.2) preserves the space
Zs. Then the set {v(t)} formed by values at time ¢ of all smooth solutions
of equation (5.2) equals Z, so w = A(t)Jw since (6.5) holds for any ¢
and for all solutions v(-). Therefore Jw = JA(t)Jw, i.e. the curve Jw(t) =
J(q(x(t),£(t))) satisfies the equation (5.2).

Thus, linearised Lax-integrable equations have solutions which can be ob-
tained as bilinear forms of eigen-functions of the L-operator and its adjoint:
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Theorem 3. If flow-maps of the linearised equation (5.2) preserve the space
Zs and the curves x(t), £(t) are smooth solutions of equations (6.1), then
the function J(g¢(x(£),£(t))) with g; defined in (6.3) solves the linearised
equation (5.2).

Remark. Let {Z,} be a Sobolev scale of 2m-periodic functions of a space-
variable z. If the flows of linear equations (5.2) and (6.1) preserve Sobolev
spaces of 2m-antiperiodic functions, the curves x(t),£(¢) are constructed as
above and (6.3) holds with some 27-periodic function ¢:(x,&)(z), then due
to the same arguments as before the function J(q) solves (5.2).

Remarkably the solutions given by the theorem and the remark have the
Floquet form (5.3) and jointly form a complete non-degenerate family. Below
we check this property for the KdV and SG equations.

6.2 Linearised KdV equation

Now we consider the KdV equation and take for the invariant manifold 72"
a bounded part of any finite-gap manifold 73" of the form (4.5). We have
already checked that it satisfies assumptions i)-iv) from Section 5.

For any n-gap solution ug(t, -) € T{+(r) the equation linearised about ug
takes the form

1 30
0= 7 Veae + 2% (up(t, z)v). (6.6)
Since wug(t,z) is a smooth function, then this equation is well-defined in
Sobolev spaces Hg with d > 1. Thus the assumption v) on the invariant
manifold also is satisfied.
The equation (6.6) has trivial solutions, obtained by differentiations in

directions, tangent to the n-gap tori. They can be written as W (
J

(4.4)).

We recall that the L-operator of the KdV equation is the Sturm-Liouville
operator £ = —9%/0x? — ug(t,z) and consider any its complex eigenfunction
x(z; A) with an eigenvalue A, satisfying the Floquet—Bloch boundary condi-
tions:

see

Lx(x; A) = Ax(z; X)), x(z+2mA) = ex(z;)), p=p).  (6.7)

One of the most important and elegant properties of the KdV equation (and
of the whole class of Lax-integrable equations) is that x as a function of A is
meromorphic in I'\ oo (I' = I'(r) is the Riemann surface defined in Section 4)
and can be normalised to have at infinity the singularity expiyv/Az. This
function admits a representation in terms of the same theta-function ¢ and
the vectors V', W, 3 as in Section 4. The representation is given by the
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Its-Matveev formula (see in [DMN,D,BB]):

o (Pyatas Pyt O(AP) +i(Va + Wit +3))6(i3)
O(A(P) +1i3)0(i(Ve + Wt +3))’
P=(\p)erl.

x(t,z;r,5P)=e

Here A(P) is the Abel transformation, the same as above, and Q;, {23 are
Abel integrals of the differentials d€2;, d23. The integrals are defined modulo
periods of the differentials. For P = (A, ) with real A we normalise the
integrals in the following way:

A
QA p) = /E d); for (A, p) €Ty, A€R,
1

where [F7, A] stands for the path in Ty through upper edges of the cuts. We
denote by ¢ the holomorphic involution of I' which transposes the sheets,
o\ p) = (N, —p). Denoting for any P = (A, ) € T by vp the path from
o(P) to P through E4, equal to vp = o(—[E1, A]) U [E1, A], we get that

since 0*d§); = —dS2; due to the normalisation (4.2). Now we take a point P
close to infinity and denote by pp the path from o(P) to P equal to a lift to
I" of the circle in C) centred at infinity, which passes through A\ and is cut
there. The loop yp — pp is contractible in I' since it envelops all the cuts,
so Q;(P) = %fup d();. Using this equality and (4.2) (with ¢ = 0) we get the
asymptotics:

QU (P)=k+O0(k™2?), Q(P)=k+0k™"), k=iV\ (6.8)

Let us denote

O(A(P) + iU + i3)0(i3)
0(A(P) + i3)0(U + i3)

f(U;r,3;P) =

and rewrite y as
X(t @7 3 P) = e SO (Ve 4 Wi, 55 P). (6.10)

By the Riemann theorem (see [D,BB]) the first term of the denominator in
the right-hand side of (6.9) has exactly n zeroes which form poles of the
function P +— f and lie in the ovals ay, ..., a,. Since [§(iU +1i3)| > C(r) > 0
and |0(A(c0) + 43)| > C(r), then the function f(U;r,3; P) is analytic and
bounded for r from an appropriate complex neighbourhood of any compact
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subset of R and for (), 3,U) from the complex domain
{Im A, [Im 3], Im U] < 6, ReA > E; and dist (\,Ay;) >6 Vj}, (6.11)

where § > 0 is sufficiently small.

We recall that the closed gaps [A2;—1 = Ag;] are labelled by indices j € Ny.
So for any P = Py, where Py; = {£4/R()\gj), 2;} € T, the function
X (t, z; Py;) must be 4r-periodic in x. Since f is 2m-periodic, we should have
Q1 (Py;) € %7Z. This relation holds identically in 7. When r tends to zero,
A2; tends to j%/4 and Q(P;) tends to ij/2 (this follows from elementary
calculations, see [KK]). Therefore,

(Fj) = %J} J € Ny. (6.12)
Conversely, for any P which meets (6.12) the function (6.10) is 47-periodic.

Since the operator A for the KdV equation is anti selfadjoint, then the
second equation in (6.1) coincides with the first and we can take £(t) = x(t).
Now the quadratic form ¢ as in Theorem 3 equals 2. Finally, since J =
0/0z, then the solutions of the linearised equation (5.2)=(6.6) constructed
in Theorem 3 are curves v;(t) € Z of the form

) —1/2
’Uj(t,;E; 7,,3) — <(2§7;1)(P)> % <62(91(Pj)z+Qs(Pj)t)fQ(V:C + Wtir,3; P])) )
J
(6.13)

Here j € Zy, P; = P;j(r) and the first factor in the right-hand side is a con-
venient normalisation. Thus we have obtained a system of Floquet solutions
of the form (5.4),'? where the sections ¥; of the bundle T¢Hg|72. have the
form

5/ 2uPe
W, (r,5)(x) = (

2V;,;P-), j € Zv 6.14
vlavma gy TVere ). dezv. G

and the exponents v; are v;j(r) = —2iQ3(P;) = —2i fgf ds.

Since the differential i d€23 is real (see (4.2)), then the exponents v;(r)
are real for real r and are analytic in 7 (they have no algebraic singularities).
We claim that this system is complete non-resonant. To simplify notation we
suppose that V' = (1,...,n). Now the complex basis {¢; | j € Zo} is the
exponential basis ¢; = %7/ Vor.

The system of Floquet exponents is non-resonant. To prove the non-
resonance we may assume that the vector r is sufficiently small. For any

12 the set of indices Zy which we use now is in obvious 1-1 correspondence with the
set Zn,.
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j € Zy = Z, we denote by V"V the (n + 1)-vector (V) and view the
torus 77 (r) as a degenerate (n+1)-gap torus T‘T}?}}H) (r,0). It can be checked
[KK] that the integral which defines v;(r) equals WT(LZ_J{I)(T, 0). Since the fre-
quency vector w for finite-gap solutions which fill the torus 7, (r) isw = W,
then the non-resonance relation (5.18) which has to be checked takes the form

ST w005+ WY (r,0) # 0. (6.15)
=1
We can suppose that s # 0; say, s; # 0. By Lemma 7, for r = (£,0,...,0)
we have: I/[/l("+1) = const + J;1 ﬁ €2 + O(g*). Therefore, the left-hand side

of (6.15) equals const + s1 8?/1 £2 4+ O(g*). Tt does not vanish identically and
(6.15) follows.

The system is complete. By the Corollary to Lemma 10 we should only
check the assumptions 1b) and 2) from Definition 3. The function f(-;r,3; P)
converges to unit as r — 0 (as well as the theta-function, see [KK]). Therefore
W (z) converges to the complex exponent (27) /21 = ¢);(z), so 1b) follows
and it remains to check the item 2).

Given any v > 0 we fix a subset R1 € R such that mes(R \ R1) <y (see
(5.13)). For r € Ry we shall check the properties 2a)-2c).

First we show that the map ®; defined in (5.8) is close to the embedding
t. Since W_; = U;, we have to examine the vectors ¥; with j € Ny only.
Since the potentials u(z) have zero mean-values, then A(P;) = 152 +O(j 1)
(see [Ma,MT]) and k(P;) = ivA = %j + O(j~2). Using (6.8) we get that
Q(P;) = —55° +0(™"). So

vi(r)=—3%i+0@G™"), (6.16)

uniformly in r from a complex neighbourhood R; + § of R;.
Since the holomorphic differentials dw; have the form dw; = C(A\~3/% +
... )dA (see [S, KK]), then

|A(P;)| < Cl/ AT32dN < Cy|j|7" uniformly in r € Ry +4.  (6.17)
2/4

Therefore for all P, U, 3 as in (6.11) and for r from Ry + § the function f is
close to one:

[f(Usr,50) = 1] < CljI~1 (6.18)

Using (6.12), (6.18) and the Cauchy estimate we find that the functions
U,(r,3) defined in (6.14) are close to complex exponents:

W5(r,3)(@) = 5 (14 G r3) (@), (619)
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where [(;(r,3)(z)] < Cj~' forr € Ry +6 C C", [Im3| < § and [Imz| < §
with some j-independent ¢ and C' = C(9).
To check the property 2a) from Definition 3 with A = 1 we shall show

that the map
Z a;e’’ — Z a;¢i(z)

is 1-smoothing, i.e., it sends a space HJ(S") to the space Hj ™ (S"). To do it
we observe that in the Hilbert bases {(v/27 j7)~te™®}, {(v/27m j7+1)~1e®} of
the two spaces the map has the matrix M with the entries M;; =
Tt [eU=D2¢ (z) do. Since for |Imxz| < § the function ¢; is analytic
and bounded by Cj~1, then |my;| < Cs(1/5)" e °l=!. Therefore the I;-
norm of any row and any column of the matrix M is bounded by a constant
C’. Hence, a norm of the map (6.19) as a map from Hj to Hj 1! is bounded
by the same C’ due to the Schur criterion!® and 2a) follows.

The property 2b) with s = 3 easily follows from (6.19).

The property 2¢) with d4+d; = 3 and A = 1is an immediate consequence
of the asymptotic (6.16).

The system satisfies a)—d). !4 The first assertion of a) follows from the
convergence v;(r) = —2iQ3(P;) — —1j* as r — 0, which implies that for
small r all the functions v; are distinct. The second assertion follows from
the item 2c) of Definition 3 which is checked already with d4 + dy = 3 and
A=1

The assumption b) follows from 2a), 2c¢) since the exponents v; are real
(for real r). The assumptions c), d) are now empty since all the Floquet
exponents are analytic functions.

Finally for the domain R as in (4.5) we have proved the following result:

Theorem 4. For any v > 0 there exists a subset Ry € R, mes(R\ Ry) < 7,
such that on T2" = ®g(Ry x T") C T*" the system of Floquet solutions
(6.14) with j € Zy is complete non-resonant (in any space H, d > 1).

6.3 Higher KdV-equations

The Ith equation from the KdV-hierarchy has an [L, A]-pair with the same
L-operator L = —0%/ 0z — u and with some A-operator of the form A =
A; = const 0211/922 1 4 .. (see [DMN,MT,ZM]). Solutions x! of equation
(6.1) with A = A; are given by the Its—Matveev formula (6.6), where the
differential Q3 should be replaced by an appropriate differential 29;41 and

13 The criterion states that a norm of a linear operator which in Hilbert bases of
the two Hilbert spaces has a matrix {M;}, is no bigger than (sup, >, [Mi;] -
sup; >, |My;[)'/2. See [HS] or [KK].

1 see (5.4) and below.
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the vector W — by the vector W', formed by b-periods of Qor11. We get
Floquet solutions vé— of the linearised I[th equation,

- _
it wir,3) = €W (30 + W (2), G € Ty,

where v} = 20,1 (P;) and ¥; is given by (6.14). Similar to the KdV-case,
we find that

le‘ — 2(i/2)2p+1j2l+1 4 O(le_g), ] c NV~ (620)

The system of Floquet solutions {vg} is complete. Indeed, the items of
Definition 3 from 1) through 2b) describe properties of the sections ¥; which
are the same as for the KdV equation, so we have already checked them. The
property 2c) with —A = —Al! = 2] — 3 follows from (6.20).

The linearised /th equation satisfies the assumption v): its flow-maps S%,
are well-defined linear isomorphisms. Indeed, by Lemma 8, outside the sin-
gular set Ry x T™ the vectors {¥;(r,3)} form an equivalent complex basis
of the skew-normal space T-¢T?" C Z;, where d > 1 and u = ®¢(r,3).
After we choose these bases in the spaces TULOC(T)TQ" and Tjo?t)TQ", the

map S%, becomes diagonal with the unit diagonal elements {e“’é'(’“)(t*ﬂ}.
So ||SE, (uo(T))|la.a < C(r,d) for all 7 and ¢, if d > 1 and r ¢ R;.

6.4 Linearised SG equation

Let us consider the SG equation, linearised about any finite-gap solution
u(t,z) as in (4.7), (4.9). Now it is more convenient to study the SG equation
in the form (3.3). Accordingly, the linearised equation takes the form:

Ui = gy — (cosu(t,z))d, w=—AY%q. (6.21)

As in the KdV-case, solutions of equations (6.1), i.e. of the nonautonomous A-
equation and its adjoint, are given by explicit theta-formulas (see [EFM, BT]).
Accordingly, Theorem 3 provides us with explicit formulas for solutions of
equation (6.21) which satisfy the periodic/antiperiodic boundary conditions.
Similar to the KdV-case, these solutions have the Floquet form:

i;(t,a; D, 1) = G(Va + Wt + D; P;)e(@1+22)(PWH@Qi—=Q2) (Pt
Wy = —AY%y; j € L.
(6.22)

Here G(g;p) is some analytic function of ¢ € T™ and P € I', expressed via
the #-function, and Q;(P), Q2(P) are Abel integrals on I'. The points P; are
defined as solutions for the following equation:

1 . .
;(91 + W) (Pj) =j, j€ Ly,



104 S. B. Kuksin

(cf. (6.12) and [EFM]). Similar to the KdV-case, the Floquet exponents
vi(r) = (21— Q2)(P;) can be described as the last components of frequency
vectors W € R™t1 corresponding to surfaces 72712, where except the previ-
ously opened gaps [E1, By, [E; Y, EyY, ..., [E; Y, E; '] we also e-open closed
gaps at the points P; and 1/P;, and next sent ¢ to zero.

In striking difference with the KdV case, some exponents v; are non-real
if the open gap are sufficiently large; corresponding functions r — v;(r) have
algebraic singularities, see [McK, EFM].

Asymptotical analysis of solutions (6.22) show that after multiplying them
by proper constants the solutions take the form

i — %eimwmﬂu + G D)), =, (6.23)
where the function (; goes to zero when j — oo or r — 0.

Due to the same arguments as in the KdV case, the system of Floquet
solutions (6.23) satisfies the asymptotic assumption 2) from Definition 3, and
due to (4.10) it is nonresonant (see [BiK1, BoK2, KK]). Using the Corollary
from Lemma 10, we get that this system of Floquet solutions of the linearised
equation (SG)+(OP) is complete nonresonant.

7 Normal form

7.1 A normal form theorem

We continue to study the Hamiltonian equation (5.1) near an invariant mani-
fold 72" = ®y(R x T") which possesses the properties (i)—(v) as in Section 3.

Proposition 2 puts the linearised equation (5.2) to a constant coefficient
normal form, provided that this equation possesses a complete non-resonant
system of Floquet solutions. In this section we show that under these assump-
tions the equation (5.1) itself can be put to a convenient normal form in a
neighbourhood of 72". Namely, we show that the action-angle variables (p, q)
on 72" can be supplemented by a skew-orthogonal to 72" vector-coordinate
y in such a way that in the new coordinates the equation is Hamiltonian with
a hamiltonian

h(p) + 3(B(p)y,y) + hs(p,q.y), hs = O(|ly|1*).

Here B(p) is the self-adjoint operator from Proposition 2 and the term hg
defines a hamiltonian vector field of the same order as the nonlinear part
JV H of the original equation (this is a crucial property of the normal form!).
The normal form is an effective technical tool to study equation (5.1) and its
perturbations in the vicinity of 72™.

We assume that the linearised equation (5.2) has a complete family of
skew-orthogonal Floquet solutions v;(t) as in (5.4), define the singular subset
R, Rs = RSN R as in Section 5 (see there a remark after Definition 3). As
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in Section 5, we choose any domain R; in a compact part of the regular set
Ry = R\ Rs.

By Lemma 5 the equation (3.1) is integrable in ®o(Ro x T™). So we can
cover ®g(R; x T™) by a finite system of open sub-domains such that in each
one the equation admits analytic action-angle variables (p, ¢). For simplicity
we suppose that the action-angles exist globally in ®¢(R; x T™) and use them
instead of (r,3). Accordingly, we write ®o(R; x T™) as $o(P x T™), where
P ={p} € R” and T" = {q}.

We denote W = P x T™ and ®q(W) = T7:". The map ®¢ W — T?" C Z
analytically extends to a bounded analytic map W¢ — Z¢, where W€ is a
complex neighbourhood of W, W¢ = (P +6) x {qg € C"/2xZ" | |Img¢| < d}.

Since w = Vh (see Lemma 5), then we write the skew-orthogonal Floquet
solutions v;(t) as

vi(tip.q) = 1PN (p,g +tVR(p)), pEP qeT", jEL,  (7.1)

The linear in y map y — ®1(p,q + tVh)y as in (5.8) reduces the linearised
equation (5.2) to the constant-coefficient linear equation

y=JB()y,..., (7.2)

where the dots stand for components of the linearised equation in directions
tangent to W x {0} (see Proposition 2). We denote by S; = Ss(Yy) the
manifold

85 =W x Og(Y), Y = Yd,

and denote by S§ its complex neighbourhood S§ = W¢ x O5(Y¢). We give Ss
symplectic structure by means of the 2-form (dpAdq)©ad , where ad = asly-.
Our goal in this section is to prove the following Normal Form Theorem:

Theorem 5. Let the Hamiltonian equation (5.1) and its invariant submani-
fold T?" satisfy the assumptions i)-v); let a sub-domain T*" = ®o(PxT") C
TE™ be as above and (7.1) be a complete system of skew-orthogonal Floquet
solutions of the linearised equation (5.2). Then there exists 61 > 0 and an
analytic symplectomorphism G (Ss,,dpAdqD ol ) — (Z, aa) such that G(Ss,)
is a neighbourhood of T and

HoG = h(p)+ 3(B(p)y,y) + hs(p. ¢, y).

Here hy = O(||y||®) is an analytic functional such that its gradient map is of
order d = max{dy,—A —dj,—A —d}, i.e. [|[Vyhs(p,q,9)|, g < Cllyl? for
any (p, q,y) € S, -

To simplify our presentation we suppose below that all the frequencies
vj(p) are real and consequently the operator B(p) is diagonal in the ¢;-basis

of the space Y, i.e., B(p)p; = ”’l'/—(}@ @, for every j.
J
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We start with the affine in y € Y map @,
=P+ 155 = 2%  (p.q,y) = Po(p.q) + 1(p q)y-

It is real (it sends Ss to Z), bounded on bounded subsets of S§ and is weakly
analytic by assumptions b) and d). So ® is an analytic map by the criterion
of analyticity. By Lemma 8 its linearizations at points from W x {0} define
isomorphisms of R?” x Y and Z. Thus, by the inverse function theorem the
map ® defines an analytic isomorphism of &§ and a complex neighbourhood
of 72" in Z, provided that § is sufficiently small

Next we study symplectic properties of the map ®. Since restriction of ®
to W x {0} equals @y and restriction to any disc {w} x Os(Y") equals & (w)
up to a translation, then these restrictions are symplectic. In particular, for
any w € W the map ®,(w,0) is a linear symplectomorphism. Hence, the
pull-back form wy := ®*ay equals (dp A dq) ® o} for w = 0 and these two
forms coincide being restricted to any disc {w} x Os(Y). It means that the
difference wa = wy — dp A dqg @ o) may be written as

wa = jww (w,y)dw A dw + jwy (w,y)dy A dw + jyw (w, y)dw A dy,

where the linear operators jww (w,y), jwy (w,y) and jyw (w,y) vanish for
y=0.

In the calculations we carry out below it is convenient to adopt gradient-
notations for linearizations of the maps ® and ®; in w. Namely, below we
write

O (w,y)«(0w,0) = vaj@(w,y)dwj =: V- dw.
Here V,@ = (V,@,V,®) € Z x --- x Z (2n times). Similar we write
1. (0w,0) = Vyu®y - 0w, where any V., ®; is a linear operator ¥ — Z.
In these notations we have:

wa[6y, dw] = az[®16y, Poxdw + (V@1 - w)y] = (J®1 5y, Vi ®1y) - Sw
and ws[6w, §y] = (J (V@1 - dw)y, ®10y). Hence,
Jwy (W, y)dy = (J®1(w)dy, Vi ®1(w)y),
Jyw (w,y)ow = @5 (w)J (V@1 - dw)y.

Abbreviating (dw,dy) € R?" x Y to d3, we write the form wa as wa =
Jadi N dz, where Ja is the operator matrix:

(7.3)

JA = JA(w,y) = (7.4)

- - Jww  Jwy
—Jwy O

The form wa is exact, as well as the forms as and dpAdgDwy , i.e. wa = dw.
Lemma 2 represents the 1-form w; as

wi(w,y) = (/01 <J<I>1(w)y,Vw<I>1(w)ty>dt> dw

%(jq)l (UJ)y, qu)l(UJ)y>d’LU = %QQ[(I)I(U}):% qu)l(w)y]dw
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‘We have seen that
wy = ®*ay = (dp N dq) & 3 + d(L(w, y)dw), (7.5)

where the 2n-vector L has the components L; = s [®1(w)y, Vi, ®1(w)y].
Next we calculate how the map ® changes the hamiltonian H. To begin
with we analyse how ®; transforms the quadratic part (Au,u) of the hamil-
tonian H.
Since the nonautonomous symplectic linear map ®¢ := ®(p,q + tVh)
sends solutions y(t) of equation (7.2) to solutions v(t) = ®y(t) of (5.2), then
we have the equalities:

JAw Pty + O JB(p)y
JAt(I)ty
Thus,
JA,®ty = dty + O TB(p)y. (7.6)
Taking skew-product of (7.6) with —v, we get:
<JAt(I)ty,jv> — <(I)ty + q)tJB(p)y,j'U>
H H (x)
(B A, D'y, y) ('y, JP'y) + (B(p)y, v),

where we use that (®¢.JBy, J®'y) = (JBy, Jy) = (By,y) by symplecticity of
the map ®°.

Since for t = 0 we have A; = A+ VH(®o(w)). and & = V, &, (w) - Vh(p),
then relation (7.6) with ¢ = 0 implies that

@1 (w)JB(p) = J(A+ VH(Po(w)).)®1(w) = V@1 (w) - Vh(p).
Similar, (7.7) implies that
((B(p) — @1(w)"(A+ VH(®o(w)).)®1(w))y, y)
= (®1(w)" T (Vg@1(w) - VA(p))y, y) = (A(w)y, y),
where 2 stands for the symmetrisation of the operator ®;J(V,®; - Vh), i.e.,
A(w) = 5(25(w)J (V@1 (w) - VA(p)) = (Vo@1(w)" - VA(p)) @1 (w)).
Since this relation holds identically in y € Y, then
(B(p) — ®1(w)" (A + VH(Po(w)):)P1(w) = A(w).
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Lemma 11. The operator 2 defines a (A + dj)-smoothing symmetric map
Yy = Y7 g 1 as analytic inw € W€

Proof. The operator 2 is symmetric by its construction. It remains to check
its smoothness.

Since V@1 = V4(®1 — ), then by (5.10) and the Cauchy estimate the
operator V,®; - Vh analytically depends on w € W¢ as a map Y] — Zgya.
By Lemma 9 the operator ®;(w)*J : Zgin = Yiia,+a also is analytic in w.
Hence, the first term of the operator 2 defines an analytic in w € W€ map
Yi = Yiia,+a-

Using Lemma 9 once again we find that the operator J®;(w) : Y§ — Ziia,
is analytic in w. Due to the second assertion of this lemma and the Cauchy
estimate, the map V@7 -h : Zg,, — Yj , . is analytic in w as well.
Combining these two statements, we find that the second term of 2 also
defines an analytic in w € W¢ map Yj — Y7 , . o. This completes the
proof. O

Now we write the transformed hamiltonian as H o ® = 1(A®g, ) +
(ADy, @1y) + £ (AP1y, P1y) + H(®P), and separate its affine in y part:

Ho® = (L(A®o, Bo) + H(20)) + (Ao, Bry) + (VH (o), B13))

+ (3(AD1y, ®ry) + H(@0 + ®ry) — H(@0) = (VH(®o), d1y)).

The first term in the right-hand side equals h(p).

By Lemma 2 the form ws = ®*ay equals (dp A dq) @ o, when y = 0.
Hence, for y = 0 the y-component of equation (5.1), written in the (p, ¢, y)-
variables, is JV,(H o ®). It equals zero since the set {y = 0} is invariant for
the equation. Thus, the second term vanishes.

By Lemma 11, (A®1y, 1y) = (By,y) — (VH. D1y, P1y) — (~Ay, y) . There-
fore the third term in the r.h.s. equals $(B(p)y, y) + ha(p, ¢, y), where

h2 = %<VH((I’0)*‘I)1% (I)1y> - %(Ql(w)y,y)
+ H(®o + ®1y) — H(®o) — (VH (Do), 1y).

It is easy to see, using Lemmas 9 and 11, that hy defines an analytic gradient
map Vyha R x Y, — Y, ;&
Thus, the affine in y map ® transforms the hamiltonian H to

Ho®=h(p)+ 5(B(p)y,y) + ha(p, 4, 9),

where hy = O|y||? and ord Vhy = d.
Our next goal is to normalise the symplectic structure weo = ®*as in Ss by
means of the Moser—Weinstein theorem (Lemma 3). The theorem states that
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©*ws = (dp A dq) @ o, where ¢ is the time-one shift S} along trajectories of
a nonautonomous equation:

i= Vt(ﬁ)? 3= (wvy)'
The vector field V! S5 — R?™ x Yy is obtained as a solution of the equation
—(Jo+tJA)V' =a(3,y),

where Jo(6p,dq,0y) = (—dq, op, J8y), the operator J A is as in (7.4) and the
map a is such that differential of the 1-form a(3)d3 equals wy — (dpAdq) ®ad .
By (7.5), a(3) = (L(3),0).

We claim that the map ¢ sends S§, to S§ (0 is sufficiently small compare
to ¢) and transforms H o ® to a hamiltonian of similar form:

Lemma 12. The hamiltonian H o ® o ¢ equals to

Ho®op=h(p)+ 5By, y) + 5(Bp, )y, y) + hs(p, ¢, y), (7.8)

where B(p) is the same as in (7.2) and B(p,q) is a linear operator of or-
der d, analytic in (p,q) (d is the same as in Theorem 5)). The function
hs = O(llyll*) has an analytic gradient map of order d, ||V yh3(p, ¢, )|l 44 <
Cllyl>.

The statement of the lemma is quite obvious for a finite-dimensional phase
space Ss, but not in the infinite-dimensional situation. Indeed, the transfor-
mation ¢ has the form ¢ = id +@, where ¢ = ||y||? is a A-smoothing map.
Thus the transformed hamiltonian gets the term (B(p)y, py) which is O(||y||*)
with the gradient of order d4 — A. The number d4 — A could be rather big
and the term could spoil the forthcoming constructions. Fortunately, it van-
ishes up to a smoother term. This is essentially what the lemma states. For
its proof see Lemma 7 in [K1] and [KK].

To prove the theorem it remains to check that the operator 9B in (7.8)
vanishes. Since ¢ is analytic and O(]|y||?)-close to the identity, then
@«(w,0)[{0}xy = id. Thus the transformation y(t) — (® o ).(p,q +tVh,0)
y(t) sends solutions of the equation (7.2) to solutions of (5.2).

From other side, ® o ¢ is a canonical transformation which transforms
solutions of the equation with hamiltonian (7.8) to solutions of (5.1). In
particular, it sends the curves w(t; p, q) = (p, ¢ +tVh(p),0) to solutions wug(t)
of (5.1). Hence, the linearisation (® o ¢(w(t))), transforms solutions of the
linearised equation

y=J(B(p)+Bw))y,... (7.9)

to solutions of (5.2). Therefore the transformation p(w(t)). sends solutions
of (7.9) to solutions of (7.2). Since a y-component of the map p(w(t)). is
the identity, then we must have JB(p)y = J(B(p) + B(p,q + tVh))y. This
implies that 8 = 0 and the theorem is proven. O
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7.2 Examples

1) Korteweg—de Vries equation. The KdV equation in a Sobolev space Z, =
H§(SY) with s > 3, which is given symplectic structure by the form ay =
((=0/0z)~tdu,du)r, takes the form (3.1) (see Example 3.1). Its restriction
to a bounded part 72" of any finite-gap manifold 732" (see (4.5)) satisfies the
restrictions 1)-v) and the corresponding system of Floquet solutions (6.13)
is complete non-resonant with A = A= 1,dy =1,dyg =0 and dg = 2.
Therefore Theorem 5 provides KdV with a normal form. To state the result,
we find the singular subset Ry C R '® and choose any domain R; € R \ Rs.
We cover Ry up to its zero-measure subset by non-overlapping sub-domains
R11, Ri2, . .. such that the KdV-equation restricted to any manifold ®¢(Ry; ¥
T") = J7" admits action-angle variables (p, ¢) with p € P; € R™.

For any s we denote by Yy C H§(S!) the closed subspace spanned by the
functions {cosjz, —sinjz | j € Ny }. Applying Theorem 5 we get:

Theorem 11. For any s > 3 there exists § > 0 and an analytic symplecto-
morphism G of (P; xT"x{||y|ls < §},dpAdq®al’) and a domain in (H§, cs).
It contains ’7;2" in its range and G=1 transforms KdV to the Hamiltonian
system

0

with a hamiltonian H of the form H = h(p) + %(B(p)y, y) + Hs(p, q,y). Here
h(p) is the hamiltonian of KdV restricted to T™, B(p) is the linear operator
in Yy with eigenvectors cosmx, —sinmax and eigenvalues vy, (p) (m € Ny),
Hz = O(||yl|2) is a function with a zero-order analytic gradient map.

2) Higher KdV equations. Let us take any [th equation from the KdV-
hierarchy. Since the same (as in the KdV-case) sections ¥; of the skew-normal
bundle to a finite-gap manifold 72" give rise to its Floquet solutions, then the
same map ®; reduces the linearised /th equation to the equation § = JB!(p)y
in the space Y. Here J = 9/0x and B!(p) is a linear operator with the eigen-
vectors cos jx, —sin jz, corresponding to the eigenvalues I/é- (p) ( € Ny) as
in (6.20) Therefore, the same map G with s > 2p + 1 reduces the ith KdV
equation in the vicinity of 7}2” (the same as above part of 7{2") to the equa-
tion (7.10) with H = #H'(p,q,y) = hu(p) + 5(B'(p)y,y) + Hi(p,q,y). Here
h; is the hamiltonian of the Ith equation restricted to 7;2" and the operator
B'(p) has the eigenvalues le.. Now A =dj =1 as in the KdV-case, dg = 2,
dy =21 —2and A =3 — 2l by (6.20). So d = 21 — 2 and Hs = O(||y||?) has
an analytic gradient map of order 2] — 2.

3) Sine-Gordon equation.

15 In the KdV-case the set R, is empty. We neglect this nice specificity of KdV since
our goal is to present arguments applicable to other integrable PDEs.
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8 The KAM theorem

8.1 The main theorem and related results

Let ({Zs},a2), az = Jdz A dz be a scale of symplectic Hilbert spaces and
ordJ = —d; < 0. Let H be a quasilinear hamiltonian of the form H =
1(Az,z) + H(z), where A is a selfadjoint isomorphism of the scale of order
da > —dj. We fix any d > d 4 /2 and assume that the function H is analytic in
the space Zg (or in a neighbourhood in Z, of the manifold 77", see below) and
defines an analytic gradient map of order dg, VH : Zg — Zg_q4,,. We have
dpg < d4 due to the quasilinearity of the hamiltonian H. The corresponding
Hamiltonian equation takes the form:

= JVH(u) = J(Au+ VH(u)), J=(-J)" (8.1)

As in Sections 3 and 5 we assume that the equation (8.1) has an invariant
manifold 72" = ®¢(Ry x T") filled with quasiperiodic solutions wug(t;7,3)
which satisfies the assumptions i)—v). The manifold Ry is the regular part
of an n-dimensional real analytic set R. By R we denote any chart on Ry
analytically diffeomorphic to a bounded connected subdomain of R™. We
identify R with this domain and supply it with the n-dimensional Lebesgue
measure mesy,.

As in Section 5, we also consider linearisation of the equation (8.1) about
a solution ug:

v = J(Av + VH(ug(t))« v), (8.2)

and assume that (8.2) has a system (5.4) of Floquet solutions v, (t).
Our concern in this section is a hamiltonian perturbation of the equation
(8.1):

U= J(Au+ VH(u) +eVH(u)), (8.3)

and behaviour of solution for (8.3) near the manifold 72". We assume that
H, is an analytic functional such that ord VH; = dg.

By d we denote the real number from Theorem 5, d = max {dg, —A —
dy, —A—dy}, where —A is the order of the linear operator ®; —¢ (see (5.10))
and A is the exponent of growth in j of “variable parts” of the the Floquet
exponents v;(r) (see (5.12)).

Let us fix any p such that 0 < p < 1/3. Now we state a KAM theorem
which is the main result of this paper:

Theorem 7 (the Main Theorem). Let the invariant manifold TZ" satisfy
the assumptions i)-v) and the system of Floquet solutions (5.4) for (8.3) is
complete nonresonant. Besides, di :=ds+dy > 1 and

1) (spectral asymptotic): vj(r) = Kijh + Klljdi + K%jdi + - 4 (),
where K1 >0, dy > di > ... (the dots stand for a finite sum), the functions
U; analytically extend to R®, where |vj] < Cj* with some k < dy — 1;
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2) (quasilinearity): d < dy — 1.

Then most of the invariant tori T™(r) of equation (8.1) persist in (8.3)
when € — 0 in the following sense: for any chart R C Ry as above and any
suﬁ%iently small € > 0, a Borel subset R. € R and a Lipschitz embedding

:R. x T — Zy can be found such that:

a) mesy(R\ R:) — 0 as e — 0,

b) the map (X° — @) : R. x T" — Z, is bounded by Ce? as well as its
Lipschitz constant and is analytic in g € T";

¢) each torus T (r) = Z5({r} x T"), r € Re, is invariant for the equa-
tion (8.8) and is filled with its time-quasiperiodic solutions h-(t) of the form
he(t) = he(t;7,3) = B°(r, 3 + tw:(r)), where |we — w| + Lip (we —w) < CeP.

Amplification. The statements b), c¢) of Theorem 7 remain true with p
replaced by any p' < 1. Besides, [|X¢ — ®gl|q + |we — w]| < Ce.

We denote 72" = ‘bo(W), W = RxT" and 7~;2" = Ze(WE), W. = R. xT™.
The set 72" is a remnant of the invariant manifold 72" in the perturbed
equation (8.3).

Since 72" is a 2n-dimensional manifold embedded to Z4, then its 2n-
dimensional Hausdorff measure meSQnTQ" is finite and positive. The remnant
set ’7;2” is very irregular (it is totally disconnected). Still it carries most of a
measure of the set 72"

Proposition 4. Under the assumptions of Theorem 7, mes%'ﬁl’t% is bigger
than mesit T?" — o(1) as ¢ — 0.

Proof. *® By the assertion a) of the theorem,
mes}, (W \ W.) = o(1). (8.4)

The map Pq : WS —— CIJO(Wg) c T2 is Lipschitz and has a Lips-
chitz inverse, so the map X° o ®;*' : ¢O(WE) - 72" has the form

id+ L, where Lip L < Ce” (we use the assertion b)). Therefore, mes%’??" >
mesanI)O(W ) — O(g?). Since mes3t, (Po(W \ W. )) = o(1) by (8.4), then the
assertion follows. 0O

Under the assumptions of Theorem 7, a solution wug(¢;r,3) of (8.1) is lin-
early stable if all Floquet exponents v;(r) are real (see the Corollary to Propo-
sition 2). Let us assume that this is the case for all » € R. Then the solutions

be(t;7,3) of the perturbed equation (8.3) with 7 € R. also are linearly sta-
ble, provided that this equation linearised about h. satisfies some a priori
estimate. We recall that by the assumption v) the flow maps S, (h.(7)) of

6 For basic properties of the Hausdorff measure which we use below see e.g. [Fal].
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the linearised equation are well defined in the space Z;. We say that the
linearised equation is uniformly well defined (in Zg) if

[1SL, (he(T) la.a < Cre?t  for allt, T. (8.5)

Theorem 8. If under the assumptions of Theorem 7 all the Floquet expo-
nents v;(r) are real for all r € R, then a solution h(t) is linearly stable,
provided that equation (8.8) linearised about this solution is uniformly well

defined.

(Examples we consider below in Section 9 show that the assumption (8.5)
is quite non-restrictive).

We prove the two theorems and the amplification, reducing them to similar
statements concerning perturbations of parameter-depending linear systems.

8.2 Reduction to a parameter-depending case

We perform the reduction in four steps.

Step 1 (localisation). Let us denote by Ry the set of singularities of the
frequency map w, Ry = {r € R | detw,(r) = 0}, and denote R, = (R,NR)U
Ry, where R, is the singular set, constructed in Section 5. By the assumption
iv), Ry is a proper analytic subset of R. So IA%S also is one, and for any
given positive 79 we can find a finite system of M connected subdomains
R; C R\ R, such that dist (r;,7;,) > C(v) > 0if r; € Rj and r;; € Rj with
J # J. Besides,

a) mes (R \ UR;) < 7o,

b) the hamiltonian system restricted to ®o(R; x T™) admits analytic action-
angle variables (p, ¢), where p € P, € R™ and ¢ € T™. The map (p, q) — (r,3)
has the form r = r(p), 3 = ¢+30(p). This map, its inverse and the hamiltonian
h = hi(p) all are d-analytic with some positive § = §(7p). By Lemma 2.2,
Vh(p) = w(r(p));

c) for every [ the gradient map p — Vh(p) = w(r(p)) defines a diffeomor-
phism P, —— ; € R™ which is §-analytic as well as its inverse;

d) since each domain ﬁl is connected, then the eigen-vectors 1; of the
operator JB(r) are r-independent when r € R,.

Step 2 (a normal form theorem). In this step of the proof and in the next
Step 3 we consider any fixed domain R, as above and drop the index .

Applying Theorem 5 we find an analytic symplectomorphism G which
transforms the equation (8.1) in the vicinity of ®o(R x T™) to the form
given in the theorem. The same symplectomorphism converts the perturbed
equation (8.3) to the Hamiltonian system

p=-VoHe, 4=VpHe, §=JV, M. (8.6)

Here p € P, q € T, y € O5(Ya) and He = h(p) + 5(B(p)y,y) + hs(p, ¢.y) +
eHi(p,q,y) with hs = O(||ly||3) and ord V,hs = d. The operator B(p), the
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functions h, hs, H; and their gradients all are d-analytic in the corresponding
domains.

Step 3 (introducing a parameter). Let us consider the following neigh-
bourhoods of the torus T = {0} x T" x {0} in Y and Y*:

Qs = O5(R™) x T" x Os(Yyg) C Y,
Q5 = Os(C™) x {|Imgq| < 0} x O5(Yy) C V°.

In the equation (8.6) we perform a shift of the action p:

(p.q,y) = (P +a, q, y) =: Shift,(p, ¢, 9),

where a € P is a parameter of the shift. After this transformation hamiltonian
‘H. becomes an analytic function H.(p, ¢, §; a) of the tilde-variables from the
domain Q§. It has the following form:

H. = h(a) + Vh(a) - p+ 2(B(a)§,9) + eH1(p + a, G, §) + hs(p, G, §; a),

where hy = O(|[gll3 + [6* + [Bl17117) and [[Vyhslly_g = OUIFl7 + l[1Flla) (so
ord Vhs = d).

The functions h, Hy, hs and the Floquet exponents v; are analytic bounded
functions of the parameter a € P+¢. Because the property ¢) from Step 1, the
map P 3 a— w = Vh(a) € Q defines an analytic Lipschitz diffeomorphism
of P and a bounded domain 2 C R. We drop the tildes and change the
parameter a to w. Now the hamiltonian H. reeds as

He(p,q,y;w) = h(a) +w-p+ 5(B(w)y,y) +eHi(p, ¢, y:w) + hs(p, ¢, y; w).

The operator JB is diagonal in the symplectic basis {¢;}, constructed in
Proposition 2:

J; = ﬂijj, JBY; = vj(r); Vi€ L.

Since the hamiltonian H. is d-analytic, then by the Cauchy estimate it is
Lipschitz in a € P as well as in w € 2. This is all we need from its dependence
in the parameters.

In the vicinity of the torus T(y = {0} x T™ x {0} in @s the hamiltonian H,.
is a perturbation of the ¢-independent hamiltonian Hg = w - p + %(B(w)y, Y)
(modulo the irrelevant constant h(a)). Indeed, € is small and the term hgz has
on 13 a high-order zero.

The hamiltonian equations with the hamiltonian H.(p,q, y;w) take the
form:

p= —Vq(€H1+h3), q:w+Vp(sH1 +h3),

8.7
J= J(B@)y + eV, Hy + V,ho). ®.7)
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We abbreviate (p, ¢, y) to b and rewrite (8.7) as h = Vi (h). In the context of
equations (8.7), we call the functions v, (w) frequencies of the linear equation.

Hamiltonian vector fields with hamiltonians of the form H. are studied
in [K, K2, P]. Now we break the proof of Theorem 7 to present the main
result of these works. After this we make the last step to complete the proof
of Theorem 7.

8.3 A KAM-theorem for parameter-depending equations

To state the theorem we need, we relax restrictions on the hamiltonian H.
as in the assumptions 1)-3) below:

1) (frequencies). The complex functions v;(w), j € Z,, are Lipschitz, are
real for |j| > j; with some j; > n + 1 and are odd in j, v; = —v_;. For
j > n—+1 and for some fixed wy € €2 the following estimates hold:

lv; (wo) —Kljd1 —Klljd} —K%jd? - < Kjrj and Lip v; < chz,

where K7 > 0, d; > 1, d < dj — 1 and the dots stand for a finite sum with
some exponents d; > di > d3 > .. ..

2) (perturbation). The functions hg and Hj are analytic in (p, q,y) € QS
and everywhere in Q)§ satisfy the estimates:

[Hy| + IVyHilly_giq, <1 Vo,

ha| < K(Ipl* + [plllyllZ + vll7) Ve,
IVyhallg—gya, < K(pllylla +1yl17) Vo, (8.8)
the same estimates hold for Lipschitz constants

inw € Q of these functions and their gradients.

3) (domain of parameters). 2 is a bounded Borel set in R™ of positive
Lebesgue measure, such that diam < K3 and |w| < K for every w € Q.
Let us choose any p € (0, 1).

Theorem 9. Suppose that the assumption 1)-3) hold. Suppose also that there
exist integer jo > n and My, depending only on n, dyi, d, K, K1, K> and
Ki,K? ..., such that

|s w4 lnpavnpr (W) + -+ + 1, (W) =2 K3 >0 (8.9)

for all w € Q, all integer n-vectors s and all ja-vectors | such that |s| < M,
and 1 < |l] <2.

Then for arbitrary v > 0 and for sufficiently small ¢ < &(y) (€ > 0), a
Borel subset Q. C Q) and a Lipschitz embedding ¥, : T™ x Q. — Qs can be
found with the following properties:

a) mes (Q\ Q) <7,
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b) the map . is CeP-close to the map ¥o : (¢,w) — (0,¢,0) € Qs and
Lipschitz constant of the difference-map %. — Xq is bounded by Cef as well;

¢) each torus Lo (T™ x {w}), w € Q, is invariant for the flow of equation
(8.7) and is filled with its quasiperiodic solutions h(t) of the form b(t;q,w) =
Y (g + w't,w), where w' = W' (w) and |w' — w| + Lip (W' —w) < CeP.

In statement b) of the theorem we view the difference ¥, — Xy as a map,
valued in the Hilbert space R?" x Yj.

Amplification. Assertions b), ¢) hold with p replaced by one.

Theorem 10. If in Theorem 9 all the frequencies v; are real, then a solution
h(t) is linearly stable provided that the equation (8.7) linearised about this
solution is uniformly well defined in the space R?™ x Yy.

For proofs these results with d; > 1,d < 0 see [K,P] and with dy > 1 see
KK, K2].

8.4 Completion of the Main Theorem’s proof (Step 4)

Now we apply Theorem 9 to equation (8.7) with Q equal to a Borel subset
of the domain € = {w(r) | r € R}, 1 =1,..., M, which we construct below,
and with v = ~o/(MCy), where the number Cy will be be chosen later.

The assumptions 1)-3) hold with the constants from n through di, d3, ...
the same as in Theorem 7, while the constants K and K5 depend on +.
We take jo = ja(y) and M; = M;(v) as in Theorem 9 and consider all
resonances as in the Lh.s. of (8.9). Since the system of Floquet exponents
{v;(r)} is nondegenerate, then each resonance does not vanish identically. As
these functions are analytic, we can find K3 = K3(v) and for every [ can
find a subset Q; C € such that mes (4 '\ Q) < /M and (8.9) holds for all
w e Q.

For every [ we apply Theorem 9 with « as above to find the subset ;. C €,
mes (£2; \ ) < 70, and the map ¥ : T x Q. — Q5.

Now we are in position to define the set ﬁs C R and the map X° : ES X
T — Qs, claimed in Theorem 7. We set:

N M
Re=|J{re Ri|w(r) €}, %°(r,3) = G o Shift, o Li(q(3), w(r))
=1
for r in R;, where (r,3) — (p,q) is the action-angle transformation from
Step 1. B

The set R. and the map X° satisfy all the claims of Theorem 7. Indeed,

~ ~ M —_— ~

mes (R \ R.) = mes (R \ UR) + Zmes{r €R | w(r)e Y\ U}

=1

M o~
+ Zmes {re R/ |w(r) ¢}
=1
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Denoting sup| det dw/dr| =1 by C(~o) we see that mes (R\ R.) is bounded
by Yo + 70 + C(v0)M~0/(MCp). This is smaller than 3y, if Co = Co(yo)
is big enough. It means that we can choose v = v(¢) in such a way that
mes (R \ R) < 37 goes to zero with ¢ and the assertion a) of Theorem 7
holds.

The tori X¢({r} x T™) are invariant for equation (8.3) and are filled with
its quasiperiodic solutions of the form . (¢), where w. = ' (p(r)).

The estimates for ¢ — &y and w.(r) — w(r) readily follows from the cor-
responding estimates in Theorem 9.

It remains to estimate Lipschitz constants of the differences as above. Let
us take any two points (r1,31) and (e, 32) in R x T™. If r; and 79 belong to
the same set El, then the estimates for increments'” of ¢ — &g and w, — w
follow from the corresponding estimates for the increments of (0, ¢,0) and
w’ —w since the maps (8.16) are Lipschitz. If r; and 75 belong to different sets
Ry, then |r; — ra| > C(7) > 0 and the increments of the differences divided
by the increments of the arguments is bounded by C1e”/C(7). Since we can
choose the rate of decaying v(¢) — 0 to be as slow as we wish, then we can
achieve C1e” /C(vy) < Cqe?, if we chose for p in Theorem 9 any number from
the interval (p,1/3).

The last arguments also show that the estimates |w’—w| < Ce and Lip (w'—
w) < Ce imply that |w. —w| < Ce and Lip (w; — w) < C’plspl for any p’ < 1.
It means that the Amplification to Theorem 9 implies the Amplification to
Theorem 7.

Finally, since linearisation of the symplectomorphism which sends solu-
tions h(¢) of (8.12) to solutions b, (t) transforms solutions of the correspond-
ing linearised equations, then Theorem 8 follows from Theorem 10.

9 Examples

9.1 Perturbed KdV equation
Let us consider a perturbed KdV equation

o1 3 0 ., o
U= s + o Ulls + E%fu(u,x) =: Vo (u)(z), (9.1)

under zero mean-value periodic boundary conditions. In (9.1) f(u,x) is a
C?-smooth function (d > 1), d-analytic in u. Then the nonlinear part of the
vector field V. defines an analytic map of order one:

3 0
H¢ — HITY uv—s Ul + ea—f;(u,x)
x

The equation’s hamiltonian is H, = fo% (éu’2 — 2ud —ef(u(), x)) dzx.

7 j.e., the estimate |(we — w)(r1) — (we — w)(r2) < Ce?|r1 — 12|, ete.
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For € = 0 this is the KAV equation and defined in (4.5) bounded part 72"
of any finite-gap manifold 75" satisfies the assumptions 1)-v) (see in Section
3). The linearised KdV equation has a system of Floquet solutions which is
complete nonresonant (Section 6.2). The assumption 1) of Theorem 7 now
holds with d; = 3, d} = --- =0 and 2) holds since dy = d=1. We get:

Theorem 11. For any p < 1 and for sufficiently small € > 0, there exists
a Borel subset R} of the cube R" = {0 < r; < K} and o Lipschitz map
¥ R x T — HE(SY), analytic in the second variable, such that:

a) mes,(R"\ RY) — 0 as e — 0,

b) the map X¢ is eP-close to the map Do, Po(r,3)(x) = G(Va + 3,7) (see
(3.16')), also in the Lipschitz norm,

¢) each torus T (r) = 3¢ ({r} x T"), r € R?, is invariant for equation
(9.1) and is filled with its linearly stable time-quasiperiodic solutions of the
form t — X5(r,3 + twe(r)), where the n-vector w, is Ce-close to W (r).

To get the result we used Theorem 7, its Amplification and Theorem 8.
The last theorem applies since the Floquet solutions of the linearised KdV
equation have real exponents and since the linearised KdV equation is well
posed.

The theorem implies that the union of all linearly stable time-quasiperiodic
solutions becomes infinite-dimensional and dense in H{ asymptotically as
e—=0:

Corollary. The space Hg contains a subset Q. filled with linearly stable
time-quasiperiodic solutions of (9.1) such that its Hausdorff dimension tends
to infinity when € — 0 and for any fived function v € H{ we have:

distya(v,Qc) — 0 as £—0. (9.2)

Proof. We define Q. as a union of all non-empty sets L°(RZ x T") = 7~;2",
corresponding to all n-gap manifolds T2 n =1,2,.... By Proposition 4,
the set 72" has positive 2n-dimensional Hausdorff measure when ¢ is small.
Thus, dimy Q. — co.

To prove (9.2) we note that for any g > 0 one can find n > 1 and an
n-gap potential u(z) such that ||u — ||z < w (this is a famous result of
V.A.Marchenko, see [Mal], Theorem 3.4.3 and [GT], p.27). Then u equals to
®g(r,3) with some r € R and 3 € T™. If ¢ is sufficiently small, then by the
assertion a) of the theorem, there exists r1 € R, such that |r —r;| < u. Using
b), we get that ||u— X°(r1,3)||x < Cp+e” and (9.2) follows since > 0 can
be chosen arbitrary small. O

Another immediate consequence of the theorem is the observation that
the Tts—Matveev formula (4.4) with corrected frequency vector W “almost
solves” the equation (9.1) for all ¢:
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Corollary. For any r € R} and any 3 € T™ there exists an n-vector W(r)
and a solution u.(t,x) of (9.1) in HE such that
82
sup fJue(, ) = 255 OV - +Wet +53);7)]la — 0 as €= 0.
t x
Proof. For every € > 0 let us choose any r. € R. such that r. - r ase — 0
and take u.(t) = X°(re, 3 + twe(r)). Then

l[ue(t) — Po(r, sHwet)|[x < [ue(t) — Po(re,5 + wet)|lx
+ || Do(re, 3 + wet) — Po(r,3 + wet)||xg = 0o(1) ase — 0.

This implies the result since ®g(r, 3 +wet)(z) = 286722 Inf(i(Ve+W_ct+3);r),
where W, =w,. O

An easy analysis of the first step in the proof of Theorem 9 (see [KK]) shows
that the new frequency vector W, has the form W.(r) = W (r) +eW (r) +
O(g?), where components W7 of the n-vector W are obtained by averaging

along the torus 7" (r) '® of the function [G* (%)} (— OZW f(u,x) da:). Here
G : (p,q,y) — u(-) is the normal form transformation from Theorem 11.

Therefore the assertion of the second Corollary can be viewed as an averag-
ing theorem: for most r and for all 3 the functions 23‘9—; In0(i(Ve+Wt+3);7)
with W, = W (r) +eW(r) + O(g?) approximate solutions of the perturbed
KdV equation (9.1) for all ¢t and x, where the n-vector W is obtained by
the averaging described above. Here “for most 7 means “for all r outside a
set whose measure goes to zero with &”.

9.2 Higher KdV equations

Let us consider a perturbation of the I-th equation from the KdV-hierarchy:

)
= o (VoM +eViuH), (9.3)

where H,(u) = K; fo% (u(l)2+<higher—order terms with <7 —1 derivatives>)dx
and H, = fozﬂ f(z,u,...,u"D)dz. The function f is assumed to be C%

smooth in z, ... v~ and d-analytic in u, ..., u!~1. Since
-1 ;
i (-1
qul = Z(—l) @fuu)(m,...7u ),
Jj=0

then arguing as in Example 1.1, we see that %VMH 1 is an analytic map of
order 2] — 1.

18 with respect to the measure (27) "dq = (27) "dj.
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Let us take a bounded part 72" of any n-gap manifold. It is invariant for
the I-th KdV-equation (equal to (9.3)c—p). As an invariant subset, it satisfies
the assumptions i)-iv). The linearised equation has a complete system of
Floquet solutions (see in Section 6). Due to (4.6) this system is nonresonant.

Now Theorem 7 applies to equation (9.3) since the assumption 1) holds
with d; = 2[+1, d} = --- = 0 (see (6.20)) and 2) holds with dg = d = 21 +1.

We see that most of n-gap solutions of the I-th KdV equation persist in
the perturbed equation (9.3) with sufficiently small € in the same sense as for
the KdV equation.

9.3 Perturbed SG equation

Since the system of finite-gap solutions (4.7), (4.8) of the SG equation under
the even periodic boundary conditions satisfy the assumptions i)-iv) (Section
4) and the system of Floquet solutions (6.23) is complete nonresonant, then
Theorem 7 applies to the perturbed equation,

{ Upy — Uy + SINU =ef(u, @), (9.4)

u(t,x) = u(t,z +27) = up(—2x),

where f is C*-smooth function (k > 1), analytic in u. Accordingly, for any
n > 1, most of finite-gap solutions (4.7), (4.8) persist as time-quasiperiodic
solutions of (9.4). The persisted solutions are Lyapunov-stable if the open
gaps for solutions (4.7) are sufficiently small. Otherwise, they in general are
non-stable.

Since it is unknown if the finite-gap solutions of (SG) jointly are dence in
a function space, then we do not know if the persisted solutions of (9.4) are
asymptotically dense as ¢ — 0 (cf. (9.2)).

9.4 KAM-persistence of lower-dimensional invariant tori of
nonlinear finite-dimensional systems

Let R2YN be an euclidean space, given the usual symplectic structure, let
TN = U,ep T be an analytic submanifold of R*, diffeomorphic to R x T™,
R €R", and Hy,..., H, be commuting hamiltonians, as in Proposition 3 (so
they are defined and analytic in the vicinity of 72" and each torus T is
invariant for every hamiltonian vector field V).

Let us take any hamiltonian — say, H;. Then the vector field Vi, |72» has
the form > w;(r)9/93; and by Proposition 3 linearised equations have Floquet
solutions with some frequencies v;(r), which are real analytic functions.

Applying Theorem 7 we get that:

Theorem 12. Let us assume that the following analytic functions do not
vanish identically:

L-v(r)+s-w(r), lezVN"", 1< 1| <2; s€Z". (9.5)
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Let h be an analytic function, defined in the vicinity of T2". Then most of
the tori T} persist as invariant n-tori of the perturbed Hamiltonian vector
field Vi, 4en, 0 < € K 1, in the sense, specified in Theorem 7. The persisted
tori are filled with quasiperiodic solutions with zero Lyapunov exponents.

This reduction of the Main Theorem is much easier than the Main The-
orem itself. Its claim remains essentially true under weaker assumptions: it
is sufficient to check that only functions (9.5) with |/| = 1 do not vanish
identically, see [Bour| (we note that under this weaker assumption the claim
about Lyapunov exponents is not true).
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Analytic linearization of circle diffeomorphisms

Jean-Christophe Yoccoz

1 Introduction

Let T = R/Z and r € {0, +00,w} U [1,+00). We denote Diff", (T) the group
of homeomorphisms of T of class C" and C"-isotopic to the identity (if r =0
it is the group of homeomorphisms of T; if » > 1, r € R* \ N, it is the group
of Cl7) diffeomorphisms whose 7-th derivative verifies a Hélder condition of
exponent r — |7]; if r = w it is the group of R-analytic diffeomorphisms). We
denote D"(T) the group of C"-diffeomorphisms [ of the real line such that
f —id is Z-periodic.
One can embed R into D*(T) as the subgroup of translations

a€Rw— R, € DY(T) where Ry:z+— x4+,

and one can embed the quotient T = R/Z into Diff (T) as the subgroup of
rotations

a€T— R, € Difff (T) where R, :2z+— 2+ a(modl).
One has
DIff, (T) ~ D" (T)/{R,.p € Z}.

We consider the usual C" topology on D"(T) and Diff’, (T).

Rotations on T have very simple dynamics. Poincaré asked under which
condition a given homeomorphism f of T is equivalent (in some sense, e.g.:
measurably, topologically, smoothly, analytically, etc.) to some rotation. He
also gave a first answer to this question, today known as Poincaré’s clas-
sification theorem: if the rotation number of p(f) is irrational then f is
combinatorially conjugated to the rotation R,y (see Corollary 3.3).

In Section 3.3 we explain the Denjoy theory [De]. Fixing the rotation
number to be irrational Denjoy proved that if we add regularity to the home-
omorphism f (actually f is C! and Df has bounded variation) then f is
topologically conjugated to the rotation R, ). This theorem doesn’t give us
information about the regularity of the conjugacy h.

Denjoy proved also that the hypothesis f € C!TBV cannot be relaxed too
much, constructing examples of C' diffeomorphisms which are not topolog-
ically conjugated to a rotation (see Section 3.4). In [Hel] there is a gener-
alisation of this result: for each irrational « there exists a dense subset, in

L.H. Eliasson et al.: LNM 1784, S. Marmi and J.-C. Yoccoz (Eds.), pp. 125-173, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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the space of C! diffeomorphisms whose rotation number is «, such that every
element of this subset is not topologically conjugated to a rotation.

The step to higher order differentiability for the conjugation h requires
new techniques and additional hypotheses on the rotation number. The fun-
damental regularity criterion is the following:

Let k >r >1, f € Diﬁ’jr(ﬂl“). f is C"-conjugated to a rotation (then to
the rotation R,(y)) if and only if the family (f"),>0 is bounded in the C"
topology.

In [Arl] it was proved that if the rotation number verifies a diophantine
condition and if the analytic diffeomorphism f is close enough to a rotation,
then the conjugation is analytic. At the same time examples of analytic dif-
feomorphisms, with irrational rotation number, for which the conjugation is
not even absolutely continuous were given.

In [Hel] Arnol’d’s result was improved obtaining a global result: there
exists a set A C (0,1), with full Lebesgue measure, such that if the rotation
number of the C*° diffeomorphism belongs to A, then it is C*° conjugated to
a rotation. A similar result holds for finitely differentiable diffeomorphisms,
but in this case the conjugacy is less regular: this phenomenon of loss of
differentiability is typical of small divisors problems.

In the case of finite differentiability, the following result is due to
Y. Katznelson and D. Ornstein [KO1,KO2], see also [Yol,KS,SK].

Theorem 1.1 Let f be a C* circle diffeomorphism, k € R, k > 2, with rota-
tion number a. Assume that o verifies the following diophantine condition:
there exists ¢ > 0 and T > 0 such that for alln € N, n >0

|627rinoc o 1| > C|Tl‘77—71.
Then the homeomorphism h which conjugates f to Ry is of class CF~1—7—¢

for all e > 0. If f is C?> and « is a number of constant type (i.e. 7 =0) then
h is absolutely continuous.

The previous result shows that the loss of differentiability is at most 1 +
T+ €.

In Section 4 we will present our results in the analytic case. We distinguish
between local and global situation. In the local case one must assume that the
rotation number a belongs to the set B of Brjuno numbers (see Section 2.4).
We have two statements: in the first one we assume that the diffeomorphism is
analytic and univalent on some “big” complex strip Ba = {z € C:|Smz| <
A}, in the second one that the diffeomorphism is analytic in some “thin”
complex strip Bs but it is very close to a rotation:

Theorem 1.2 Let f € Diff{(T), p(f) = a € B and assume that A >
% B (a) +¢, where ¢ is a universal constant. If f is analytic and univalent
in Ba then there exists h € Diff(T), analytic in Bar, with A" = A —
5= B (a) —c, which conjugates f to Ry in Bar.
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Theorem 1.3 Let f € Diff(T), p(f) = a € B. Given § > 0 there exists
o (o, ) such that if f is holomorphic in Bs and there |f (z2) — z — o] < €
then there exists h € Diff ¢ (T) such that f =ho Ry oh™' on B;.

Using the theorem (proven in [Yo2]) showing that the Brjuno condition is
also necessary for the problem of linearization of germs of complex analytic
diffeomorphisms of (C,0), and following the construction described in [PM],
which associates to each non-linearizable germ of diffeomorphism of (C,0)
a non-linearizable analytic diffeomorphism of T close to a rotation, one sees
that the Brjuno condition is necessary also in our context.

In the global case we introduce a condition (condition H, see Section 2.5)
which is sufficient and in some sense also necessary, more exactely:

Theorem 1.4 Let f € Diff{ (T) and let o be its rotation number. If o € H,
there exists h € Diff % (T) such that f = hoRgoh™'. Moreover if o ¢ H there
exists f € Diff% (T) with rotation number o, which is not C¥-linearizable.

Theorems 1.2 and 1.3 will be proved in Sections 4.2 and 4.3 respectively.
The first part of Theorem 1.4 will be proved in Section 4.5, using an extension
of Denjoy’s theory described in Section 4.4. The last Section 4.6 is devoted
to the construction of counterexamples showing that the assumption a € H
in the global theorem is also necessary.

2 Arithmetics

2.1 Introduction

The aim of this section is to introduce some elementary but fundamental
facts from the theory of approximation of irrational numbers by rationals.
The most important tool we will use here is the continued fraction expan-
sion of a real number (see Section 2.2 and [HW]). As it will be clear in what
follows, the action of the modular group GL (2,7Z) on R = R U {co} plays a
fundamental role in the renormalization procedure we will use to study the
linearization problem. To better understand this action one can introduce a
fundamental domain [0, 1) for one of the two generators (the translation T')
and concentrate the attention to the inversion x — 1/x restricted to [0,1).
Then one translates back 1/x to the fundamental domain and iterates the
process. This gives an expanding map on [0, 1), the Gauss’ map A (2.1). As A
is more and more expanding as  — 0+ one obtains a “microscope” and the
symbolic dynamics of this map gives rise to the continued fraction algorithm.
The convergents of the continued fraction expansion of an irrational number
give its best rational approximations in a very precise sense (see Lemma 2.1).
The classical diophantine conditions are reviewed in Section 2.3. They can
be recasted in terms of the speed of growth of various quantities related to the
continued fraction expansion. This opens the way to introducing two sets of
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“badly approximable” irrational numbers which include diophantine numbers
and which we will prove being the optimal sets for the linearization problem
(respectively local for the set B, introduced in Section 2.4, and global for the
set H, introduced in Section 2.5).

2.2 Continued Fractions
We consider the map: A : (0,1) — (0,1) defined by:

A=~ |1 (2.1)

T

To each a € R\ Q, iterating A, we associate its continued fraction expansion
as follows. Let (a,),,~, be defined by:

ag=a—|a], a,=A"(ap) forn>0 (2.2)

and (an),>o by
a = la| ali=a,+a, Yn>1 (2.3)
then
. 1
a = Qg 1
Gt 1
Ay + Qo

or shortly a = [ag, a1, ..., an + ay).

The nt-convergent is defined by

1
Pr - [ag, a1, ... an] = ap + ————
an o+ 1
T
o
an
It is easy to identify the numerator and denominator of the n'’-convergent
with the sequences (py,),~_, and (gn),~_o, defined by:

p_o=0, p.1=1, and p,=apPn_1+pn_o, foralln>0
qg2=1, ¢1=0, and ¢, =angn-1+qn—2, foraln>0

PntPn_10n
qntqn-—100p

_ gn¥—Pn

and Qn = qn—10—Pn—1"

Moreover a =
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Let
n
1=1 fBp= H a;j=(-1)" (gha—p,) Yn>0 (2.5)
j=0

then

Qn+1ﬂn + QnﬁnJrl =1
ant+1Bn + Brt1 = Bn-1
and as a,, > 1 for all n
(@n + 1) < B < (gne1) (2.6)
We then have the following standard results:

Lemma 2.1 (Best approximation) Let ¢ > 0, p € Z, n > 0; if qo — p is
strictly between gn,a — p, and ¢ni10 — ppy1 then either ¢ > qn + qpy1 or
p=q=0.

We refer to [HW] for the elementary proof.

Corollary 2.2 Consider the set {qa — p;0 < ¢ < qn41,p € Z}, ordered as

o< zx 1 <0=x9<x1 <....Let x5, = qa — p be an element of this set.
Then
. an is even Th+1 Tk + 671 Zf q dn+1 dn
Tht1 =Tk + O+ Pnt1 U 42 Gny1 —Gn
. . Tp—1 =Tk + 7 < —
o ifn s odd 4 K1 T Tk Bn f 4 < qnt1— qn

T1 =Tk + Bn+ Bnr1 i ¢ i1 —an

Proof. We consider only the case n is even, the odd case being similar. We
write 211 = da—p', 0 < ¢ < gpa1-

If ¢ < gnt1 — Gns Tk + Bn = (¢ + gn)a — (p + pr) belongs to the set. If we
had zj41 < @k + Bn, both ¢ > q (zx41 being between x and z, + 3,,) and
q' < q (zr + B being between xx1 and zx11 + B,) would be impossible by
Lemma 2.1, a contradiction.

If ¢ > qni1 — Gn, T + Bn + Brr1 belongs to the set. If we had xp11 <
Tk + Bn + Bnt1, a8 ¢ >0 > ¢ — gnt1, Trt1 would be between zy, = (zy +
Bn+1) — Bna1 and (xx + Bre1) + B and we would have by Lemma 2.1 ¢’ >
q+ Gn > Gn+1, again a contradiction. 0O

_ Let us consider the standard action of PGL (2,Z) = GL(2,Z) /{£I} on
R =R U {oo} given by:

aa+b
ac+d

b
forg:(a d)EGL(Z,Z),g-a: (2.7)
c

Then we have
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Proposition 2.3 Two irrational numbers o and o' belong to the same
GL (2,Z)-orbit if and only if there existsn > 0 and n’ > 0 such that o, = ;.

2.3 Diophantine Conditions

Given 7 > 0, o € R\ Q satisfies a diophantine condition of order T (for short
a € CD (7)) if there exists a constant ¢ > 0 such that:

c
q2+7'

‘a—g‘z vgeQ,qzl. (2.8)

Proposition 2.4 Let 7 > 0 and o € R\ Q then the following statements are
equivalent

a € CD(1);

n+1 = O(Q;—L—"_l);
ant+1 = O(qy);
O‘;il = O(ﬂ;‘r%
Brgr = 0(8,771);

where (o), 505 (Pn/@n) >0 » (Br)ps_1 and (an),>, are defined in Section 2.2.

CUlE W=

The proof is elementary and is left as an exercise.

We say that « satisfies a diophantine conditionif « € CD = U;>oCD (7).
For all 7, CD () is invariant for the action of GL (2,Z). For all 7 > 0, CD ()
has full measure; on the other hand (R\ Q) \ CD is a G5 dense subset of R
and CD (0) has zero measure.

2.4 Brjuno function and condition B
Let a € R\ Q, we define (following [Yo2] and [MMY1]) the Brjuno function
B:R\Q— RT U {+0o0}

B(a) = Z Bn_1loga;t (2.9)

n>0

where (o), > and (8y),~_, are defined in Section 2.2.
We say that o € R\ Q satisfies the condition B (or is a Brjuno number,
for short o € B) if B (o) < +00.

Remark 2.5 As in [Yo2] and [MMY1] we extend the above definition to
rational values setting B (o)) = 400 or e~ B(®) =0 for o € Q.

The following proposition collects some properties of the Brjuno function
(see [MMY1], Proposition 2.3, p. 277, for a proof).

Proposition 2.6 The function B satisfies
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1. B(a) = B(a+1) for all « € R;
2. for all o € (0,1) then B(a) =loga™ +aB (a™t);
3. there exists a constant Cy > 0 independent of « such that for all o € R\ Q

log gj+1
‘B ()= > —= ‘ e (2.10)
PR
where (qj)j>0 are the denominators of the convergent of o defined in (2.4).

Remark 2.7 By 2. one has that B is PGL (2, Z)-invariant. Indeed the Brjuno
function B is a PGL (2,Z)-cocycle (see [MMY?2], Appendix 5).

Remark 2.8 Let a € CD, by Proposition 2.4 there exists 7 > 0 such that
Gnt1 = O(q;™), thus 81 < (14 7) qun + o= and then B (a) < +oo.
Therefore CD C B and the set B has full measure.

Remark 2.9 For positive 7 we could define a condition CD’ (7) using the
1
function B(") (o) = > j>0Bj—1c; 7 (note that the function B (a) =
>i>0 ﬂ;_la;l would have the same features) as follows:
o € CD' (1) if and only if B (o) < 4o00.
Then the condition CD’ (1) is almost equivalent to condition CD (1), in fact
CD' (1) = CD (1),
CD(r)=CD' (") vr'>r

2.5 Condition H
For a € (0,1), z € R, define

Yz —loga=t+1) if x>loga!
ro(z) = 4@ @—logami 1) f w2 s (2.11)
e’ if x<loga™".
Observe that r, is of class C! on R, satisfying
ro(loga™) = Dry(loga™) = a™1; (2.12)
e* >ro(x)>ax+1 forall zeR; (2.13)
Dro(z) >1 forall z>0. (2.14)

For o € R\ Q, we now set, for k > 0
Ak(a) =Tap_, 00 T(!(J(O)'

An easy calculation gives
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Lemma 2.10 Let o € B and k > 0. Assume that B(ay) < Ag(a). Then one
has, forl >k

-1 =
BioaDi(a) = Br1Ap(e) + Y Bi—1— Y Bi—1loga;’
=k =k

-1
= Br-1(Ak(@) = B(ow)) + > Bj-1 + Bi-1B(a)
=k
> Bi-1B(ay) > Bi—1loga; '
Let us define, for n > k > 0:
Hin ={a € B,B(ay) < Ag(an—k)},
and then

H = Nm>0 (Uk>oHr ktm) = {a € B,Ym > 0,3k > 0, B(amr) < Ag(om)}

Proposition 2.11 1. For 0 <k <n, one has Hy—1.n C Hin C Hit1,nt15

2. Let « € R\ Q. Then o € H (resp. a € B) if and only if the orbit of «
under GL (2,Z) is contained in (resp. intersects) Up>oH k-

3. The subset H of R is a F,s subsel (i.e. a countable intersection of F,
subsets).

Proof. 1. From Lemma 2.10 we have Hy,, C Hit1n+1- Also Aq(ap_g) =1
and from (2.14) it follows that Ag(an—k) > Ag—1(@n—g+1) + 1 and thus
kal,n C Hk,nn

2. Let o € R\ Q. Then o € H if and only if o, € Up>oH i for all n > 0.
As the a;,’s belong to the orbit of o under GL (2,Z), we see that if the orbit
of o is contained in Up>oHyr then o € H. Conversely, if & € H and o/
belongs to the orbit of «, by Proposition 2.3 there exist integers n and n’
such that o, = /. Then ), € Up>oH, and it follows from 1. that also
o' € Up>oHp k. On the other hand, we have by definition Ug>oHir C B,
and B is invariant under GL (2,Z). Conversely, if a € B, let k > B(«a) and
o’ € R\ Q be such that o) = ag. Then o/ belongs to the orbit of o and we
have by (2.13) Ag(a/) > k > B(a},) hence o € Hy .

3. As B is lower semicontinuous, for every n > k > 0, Hy , is a closed
subset and the conclusion follows. 0O

Remark 2.12 One has the obvious inclusions CD C H C B. Moreover, by
2. H is GL (2, Z)-invariant.

Example 2.13 Consider the compact subset K C [0, 1] whose elements are
irrationals o such that

a; =1, a1 <exp(2a;)— 1.
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Let a € K, j > 0; denote by p, /g, the convergents of a;. For n > 0, we have

[T s ) logarl, <@ log(ajintn +1) < 24, ajin < 24,15
0<i<n

it follows that «; € B and the series for the Brjuno function B(a;) converge
uniformly on K; thus each function a — B(c;) is continuous on K. Moreover

logaji1 < B(aj) < log(aj41 +1) +8

as .. <0 qn ' < 4 for every irrational a.

We next check that both H and R\ H intersect K along a dense subset.

Indeed, if a; = 1 for large ¢, « belongs to the GL (2,7Z) orbit of the golden
mean, and thus to H.

On the other hand, assume that for ¢ > iy one has a;11 > exp(a;). Then,
for i > iy, we have

a; < log 41 < logai_l < B(Oél) < 3611‘ +4,
and thus, starting from Ag(ay,) = 0 < a4, we have for £ > 0 by induction
Ak(aio) < Qjy+k < B(aio-‘r’f)

which means that o ¢ Ug>o0Hk,io+k-

Finally, we observe that HN K is a Gs-subset of K. Indeed, it follows from
the definition of H and Lemma 2.10 that o € H if and only if for all m > 0
there exists k > 0 such that B(am4r) < Ag(auy,); this last condition is, for
fixed m and k, open in K (o — B(am+k) being continuous) and this proves
our claim.

We conclude that H is not a F, subset of R; this would imply that both
HNK and (R\ H)N K are Gs-dense subsets of the Baire space K.

Let £ be the function defined inductively for x > 0 by

x if 0<x<1
L(z) = :
Llogz)+1 if x>1.

It is a C!-diffeomorphism of [0, +00). For 0 < ¢ < 1, we consider the C!-dif-
feomorphism from [0, +00) onto [t, +00) satisfying

L(Ey(z)) — L(z)=t, Yz >0.
Lemma 2.14 1. The map x — Ei(x)—2x is convex non-decreasing on [0, +00).

2. For any a € [0,1], the map x — L(ro(x)) — L(x) is non-increasing on
[0, 4+00).
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Proof. 1. For 0 <z <1—t, we have Fy(z) =z +¢,and for 1 —t <z <1,
we have E;(z) = e®T'~1; thus Ey(x) — z is convex non-decreasing on [0, 1].
Next, from the commutation relation

E(e®) = eP@ wr >0
we get
log DE,(e*) = log DE;(z) + Ey(x) — x

which shows inductively that F;(z) — x is convex non-decreasing on all of
[0, 4+00).

2. For 0 < 2 < loga™!, we have r,(x) = €* hence L(r,(z)) — L(z) = 1.
Let z > loga™1; as © < 74(x) < €%, the number t = L(r,(x)) — L(x) belongs
o0 (0,1). Consider the map w + Ey(w) —ro(w) for w > loga™!. It is convex,
negative at log !, and vanishes at x; therefore the derivative at x is positive,
and thus we must have D(Lor, — £)(z) <0. O
Lemma 2.15 Let o € B.

1. For any k > 0, we have B(ag+1) < exp(B(ag) — 1).
2. If a ¢ Ug>oMii, the positive sequence L(B(cu)) — L(Ax(ag)) is decreas-
mng.

Proof. 1. The assertion follows immediately from the relation
B(ag41) = e“(B(ag) —u), u=logay"

maximizing over u.
2. From the first assertion we have always

B(agt1) < 7oy (Blag) = 1) < 7oy (Blow)).

Therefore the second assertion of Lemma 2.15 follows from the second asser-
tion of Lemma 2.14. O

We now consider an irrational number « € B. Clearly, if o ¢ H, we must
have

lim B(ag) = +o0.

k—o0
Fix ¢y > 0 large enough such that, for any irrational &,
71/2
Z ﬁk/_l < ¢p.
k>0
We define, starting with ky = 0, an increasing sequence of indices k; setting

B,
Br-1

)1/2 Blow 1)}

kir1 = inf{k > k;, logo@1 > cal (
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The set on the right-hand side is indeed nonempty: otherwise, as

Blag1) = 3 2=

-1
a log o),
k>k; :

we would have

1/2
Blon11) < (Z (=) ) Blok 1) < Blog o).

k>k; ﬂkl

Lemma 2.16 For o € B and k; as above we have

lim L£(B(ag,;)) — L(log oz,:il) = 0.

i——+00
Ifa¢H
lim £(B(aki+1)) — £(B(Ozk)) =1.

1—+o00 ‘

Proof. For the first limit, we note that

B

ﬂkﬂ.lfl

1/2
B(O{kﬁ_l) > B(akiﬂ) > 1oga,;_1+1 > C(;l (ﬂkﬁki 1) B(aki—&-l)
it1—
(2.15)

But it is easily checked that

1- _ —1 1/2 —_
x217y£gwwﬁ(wy> L(cg x/7y)=0

from which the assertion follows.

The second part of the Lemma is then an immmediate consequence of the
second part of Lemma 2.15: as o ¢ H the sequence L(B(ay)) — L(Ak())
is positive decreasing; setting ¢; = L(B(ay,)) — L(log ozl;_l), we have that, if
£(A, () < £(B(ay,)) - &, then

L(Ag,+1()) = L(Ag, (@) + 1 < L(B(owk,+1))-
This forces the second assertion of the Lemma. 0O

We now consider the two relations (2.15) and

1 B 11
Brivi—1  Briyi—1 Bri—1 o,

We get

i (35, y) = wa (£0), .2 (52 ) )] =0

61{)1'4,171
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and

B

Brisi—1

lim [qB(akm }) - max (c ( ) ,ﬁ(B(akiH)))} _0

which, with Lemma 2.16, transform to

0 = lim [5(51;111) — max (ﬁ(ﬁl;ll),ﬁ(loga,;l) +1.L ( P ))}

/Bki_Flfl

= lim [,C(log al;frl) — max (L' <ﬁkb> , L(log 04,;1) + 1)} .

Bl -1
We claim that
Proposition 2.17 We have lim;_,; + L(log Oél;il) — E(ﬂz;il—l) —0.
Proof. If not we would have
L(BL,) > Loga ) +1

for infinitely many i’s. But setting

o= L0951, ) (£ 1). o)+ 1. (57
ir1—1
B,

/Bk,H_lfl

g; = L(log a};_il) — max (ﬁ ( ) , L(log al;-l) + 1)

ni = LBt ) — L(logag!)

we have that if ;411 > ; — €} then

max (c(ﬁkjl), L(logoy ") +1,L (5’”» =L(B1)

ﬁkq‘,+1_l
and
Nit1 = & — 82 + L(ﬁk_ll—l) — max ([: < ﬂkl > ,ﬁ(log 04];_1) + 1)
ki+171

<eg -—¢ei+m—1. O

Corollary 2.18 Let o ¢ H. Then for any t < 1 there are infinitely many
rationals such that |o — p/q| < (Ey(q))~t.

2.6 Z2-actions by translations and continued fractions

Let (e_1,e0) be the canonical basis of Z?. We consider the following action

72 < Homeo, (R): to (e_1,eq) we associate two commuting homeomor-
phisms by

{7'((6_1) rr— e —1=T(z) (2.16)

m(eg) x—zxz+a=f(z)
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We perform the sequence of changes of basis of Z? given by

€n—1 — M, €_1 . where M, — Pn—-1 Q4n-1 7
en €g DPn qn
n n— 0 1
€ =A1 n-1 , where A,41= .
€n+1 €n 1 Gp41

The homeomorphisms corresponding to the new basis (e,—1,€e,) will be
(m(en—1), m(en)) where

thus

m(en): x—z+(—1)"0h.

We can now rewrite Lemma 2.1 (from now on we will use the multiplicative
notation for ZF-actions):

Lemma 2.19 (Best approximation 2" version) Let p,q € Z, if g — p is
strictly between e, -0 and e,—1 - 0 then either |q| > ¢n + gn—1 orp=q=0.

3 The C" theory for » > 0

3.1 The C° theory

We consider an action of Z* on R, i.e. an homomorphism 7 : Z*¥ — Homeo , (R).
We will assume that the action has no common fixed point. We define

Zt={e€ZF:e-2>x VYreR}
we have then

—Zt={ecZF:e-x <z VreR}

Proposition 3.1 The subset Zt of ZF has the following properties:

Z+ £ 0;

—ZtnNnzt = w;

L ifel d —ZT ande € Zt thene+e € ZT;

. foranyr>1,ec Z% if and only if re € ZT;

. forany e € Z%, ¢ € ZF there exists n such that ¢’ +ne € Z7T.

S g e
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Proof. 1. We prove by induction on k that if ZT = () the action has a common
fixed point. Write e, ..., ey for the canonical basis of Z¥. When k = 1, e;
must have a fixed point if neither e; nor —e; belong to ZT. From the induction
hypothesis, we know that the closed set F' of points fixed by eq1,...,ex_1 is
non empty; also e has a fixed point zg. If 2o € F, we are done; otherwise, as
e, commutes with e;, ¢ < k, the set F' is eg-invariant, and the component of
R\ F containing ¢ is fixed by ej. But then an endpoint of this component
in F is fixed by eg.

2. Obvious

3. By assumption, there exists 2 such that ¢’ - xg > x9. As e € ZT, and
thus has no fixed point, there exists for any € R an integer n € Z such that
ne-xg < < (n+1)e-xo. Then

(e+e)-x>[n+le+e] 20> (n+1)e x>z

4. Obvious
5. Let zg € R; as above there exists n € Z such that (n—1)e-(e/-zg) > xp.
Then (n—1l)e+¢e ¢ —ZT and ne+e’ € Z+ by 3. O

Remark 3.2 A subset Zt C Z* satisfies the properties 1-5 of Proposi-
tion 3.1 if and only if there exists a non zero linear form p : Z¥ — R such
that

Zt ={eeZ¥ ple) > 0},

the form p being then uniquely determined up to a positive scalar multiple.
We leave the proof as an exercise.
The form p may be defined as follows. Choose eg € Z+ and define, for
eczk

NT(e) =inf{n € Z,neg —e € Z*}
N~ (e) =sup{n € Z,neg —e € —Z1}

Then

. Nt (ke . N~ (ke)
Pl = Jim T = Jim = )

Fix such a linear form p and consider the action by translations
m,(e) -z =z +p(e), forecZ" zeR.

Given zg € R, p vanishes on the w-stabilizer of xg; this allows to define a
map h from the m-orbit of 2y onto p(Z*) by h(e - zo) = p(e).

This map is immediately seen to be order preserving. When the Z-rank of
pis > 1, p(Z*) is dense in R, and h has a unique order preserving extension to
R, which is automatically continuous and surjective and still a semi-conjugacy
from 7 to m,. We thus have
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Corollary 3.3 (Poincaré) When the Z-rank of p is > 1, there is an order
preserving surjective continuous semi-conjugacy h from m to m,:

h(e-x) = h(zx) + p(e),Vx € R, Ve € Z*

uniquely determined up to an additive constant.

3.2 Equicontinuity and topological conjugacy

Let F be an element of Diff’, ( T) and f € D"(T) a lift of F. To such an F'
we can associate the Z2-action 7 defined as follows: to the canonical basis of
72 we associate

{f1 cx—e—1=T(x), (3.2)

fo cxze—f(x).

Then p(w) = (—1,«) and the number « € R is called the rotation number
of f (or associated to the ZZ-action 7; we will also write a = p(f) and we
define the rotation number of F being p(F) = a(modl)).

Poincaré’s result (Corollary 3.3) can be recasted in the following form:

Proposition 3.4 (Poincaré) Let f € D°(T), a = p(f) € R\ Q. There exists
h: R — R continuous, monotone non-decreasing such that h—id is Z-periodic
and ho f = R, o h.

Remark 3.5 By Proposition 3.4 u = Dh is an F-invariant probability mea-
sure on T and h is a homeomorphism if and only if the support of y is T*.

Let s € {0,400,w} U [1,+00),s < r. The fundamental criterion of C*
conjugacy of a diffeomorphism F' to the rotation R,, where a = p(F’), has
been stated in the Introduction. Here, following [Hel] (Section I1.9) we will
prove a criterion that guarantees that F' is topologically conjugated to R,.
For the general case we refer to [Hel] (Chapitre IV).

Proposition 3.6 Let F € Diff} (T), a = p(F). F is C° conjugated to R, if
and only if the family (F™);en is equicontinuous for some n; — 00.

Proof. The condition is clearly necessary: here we assume that a € R\ Q and
we prove that it is also sufficient. We leave to the reader the case o € Q.

Let p be an F-invariant probability measure. By Remark 3.5, F is topologi-
cally conjugated to R, if and only if suppy = T!. If one has K = suppu # T*,
since K is F-invariant, T'\ K is open and F-invariant. Let J be a connected
component of T!\ K. Then the intervals (F"(J)),ez are pairwise disjoint
connected components of T! \ K. Thus |[F™(J)| — 0 as n — oo, but this
contradicts the equicontinuity of (F"),en. O
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3.3 The Denjoy theory.

Let F be an element of Diff> (T) and f a lift of F. Set k = 2 and consider
the action Z2 <» Diﬁi(R) defined as in (3.2). We assume that the rotation
number & € R\ QN (0,1). As usual (2—:) will be the convergents of o

n>0
and we can define a new basis of Z? by (f,_1, fn) where f,, = f4TPn.

The goal of this section is to prove Denjoy’s Theorem (Corollary 3.13): if
the action is by C? diffeomorphisms then the semiconjugacy h of Corollary 3.3
is indeed a conjugacy (there is no interval on which h is constant). The
fundamental step will be Corollary 3.12 which allows to obtain a bound for
|Dfn|C0~

The following lemma is fundamental for all the theory, in fact it gives
control of the reciprocal position of the iterates of a fixed interval.

Lemma 3.7 Let I, (z) = [, f, (2)] and Jy(z) = I, (z) U I, (fy ' () =
[fn_l(x), fu(x)]. Then

1. for 0 < j < qny1 and k € 7 the intervals fIT* (I, (x)) have disjoint
interiors;

2. for 0 < j < qny1 and k € Z the intervals fiT* (J,, (x)) cover R (at most
twice).

Proof. We assume for instance that n is even. Since the two statements are
invariant under conjugacy, we can assume that f is the translation by «a
and x = 0. With the notations of Corollary 2.2, write f/T*(0) = z;; then
fAT*(1,,(0)) = (21, 21 + Bn) and fITF(J,(0)) = (2 — B, 1 + Bn). Therefore
both statements in the Lemma follow from Corollary 2.2. O

Remark 3.8 We note that in what follows the hypothesis C? can be replaced
by f € C'*BV ie. fis C!' and Df has bounded variation. In fact we will
always need control of variation of the function log Df (or of something
similar) when Df is positivel.

The following proposition shows that using Lemma 3.7 we can bound the
variation of log D f7 on the intervals I,, (z) with the total variation of log D f
on [0, 1]. Using Proposition 3.9 we then prove Corollaries 3.10 and 3.11, which,
together with Corollary 3.12, imply Denjoy’s Theorem (Corollary 3.13).

Proposition 3.9 Let f € C? then for 0 < j < gni1

VarlogDf? < VarlogDf =V (3.3)
In(x) [Oal]

! 1If b has bounded variation and ¢ is Lipschitz with constant L then Var(gpot)) <
Ly Vary
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Proof. The chain rule applied to f7 gives:

j—1

log Df? = "logDf o f'. (3.4)

i=0
The estimate (3.3) then follows from the first assertion of Lemma 3.7. O
Proposition 3.9 has the following corollaries:

Corollary 3.10 Let f,V.n and j be as in Proposition 3.9. Then

v (@)
= Tl @)D fi(x)

Proof. We first note that I,, (f7 (z)) = f7 (I, (z)) and secondly that

<ev. (3.5)

[ (I (2))] < [T ()| DF7 (€)

for some & € I, (x). Thus by (3.3) and Lemma 3.7 one has

|1 (7 (2))]

o8 -7 @

’ < llongj ) —logDfi(z)| <V. O

Corollary 3.11 Let f,V,n and j be as in Proposition 3.9. Then
llog Dfn o f7 (x) —log Dfy ()| <V (3.6)
Proof. Since f,, and f7 commute we can write
log Df, o f/ +log DfI =log Df? o f,, +log D f. (3.7)
On the other hand, it follows from Proposition 3.9 that
log Df’ o f, —log Df7| < V. (3.8)
O

Corollary 3.12 (Denjoy’s inequality) Let f and V be as in Proposition 3.9.
Then

[log D fr|co <2V (3.9)
Proof. Since D f,, is a periodic function with mean value 1, there exists g € R
such that Df,, (zg) = 1, i.e. log D f,,(z9) = 0. Given x € R, take 0 < j < ¢p41
and k € Z such that x; = fIT* (z0) € J,, (z). Then we have:

log D fy (w1)] = |log D fy (1) — log Dfy (0)| <V,
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and since either? x, € I, (z) or x € I, (z1), we also have
[log Df,, (x) —log D f, (z1)] < V.
We can then conclude:

llog D f,, (z)| < [log D fy, (x) —log D f,, (x1)| + |log D fr, (z1) — log D fr(20)|
< 2V. O

Corollary 3.13 (Denjoy’s Theorem) All C? Z2-actions (3.2) with irrational
rotation number are topologically conjugated to the standard action (2.16) by
translations of (—1, ).

Proof. This follows from Proposition 3.6 as Denjoy’s inequality imply that
the ( fr)n>o0 are equicontinuous. O

3.4 Denjoy’s counter-examples

Denjoy has constructed examples of C! diffeomorphisms with no periodic
orbits but not topologically conjugated to a rotation [De]. Indeed one can
actually prove that

Theorem 3.14 For every irrational «, there exists a diffeomorphism f of
class C*~¢ for all € > 0, with rotation number equal to o which is not topo-
logically conjugated to a rotation.

We can find similar results in [DMVS,Hel].

3.5 The Schwarzian derivative

To get a more precise control of the non-linearity of f, we introduce the
Schwarzian derivative S. Let F' € Diﬁi(T) and f a lift of F', then the the
Schwarzian derivative of f is defined by

1 D3f 3 (D2f\’
— D2 _Z 2 _ _2
Sf=D"1logDf 2(Dlong) Dy 2<Df> (3.10)
The following proposition collects some properties of S.
Proposition 3.15 Let f € Diﬁi(R) then

L. S(fog)=(Sf)og(Dg)*+Sg;
2. form >1 then Sf™ = Z?:_OI (Sf)o f (Dfi)2"
3. [Dlog Dfleo < V2y/ISF oo

2 In fact if z1 ¢ I, (x) then 1 € [f;l (z) ,xL from which it follows that 21 < z <
o (z1), 1e. z € I, (21).
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Proof. 1.is immediate and 2. can be checked by induction using 1. To prove 3.
choose g such that |Dlog D f|co = |Dlog Df ()|, i.e. D*log D f (x) = 0.
Then

|Dlog Df (z0)| = /2|Sf (20)]
from which 3. follows. O

Corollary 3.16 Let f € Diff L(R), S = ||Sf||co and M, = || f, — id||co. For
0 <j < qns1 one has

)| < M, e2V s
T | (@)

Proof. Using 2. of Proposition 3.15 we get

SF (@

7j—1
S5 @) = | 3o 1 (@) (DF ()’
=0
7j—1
<S) IDfi(x)f
=0

Using Corollary 3.10 we obtain:

[Sf7 (z)] < |1 |2 Zu (f (=
Since M,, = max, |I,,(z)|, the trivial inequality > a? < sup;|a;| > |a;|, and
the disjointness of the intervals I,, ( f l(x)) lead to the desired conclusion. O

Corollary 3.17 Let f € Diff3(R), m, = min,|l, (z)| and M, =
max, | I, (z)]. For 0 < j < gn41 one has

1
2
C1 Mn

n

|Dlog Df|co <

with ¢; = v2Se" .

Proof. Using 3. of Proposition 3.15 and Corollary 3.16 we have

14
IDlog Dfi|eo < V24/|Sfi]co < fm. O

Corollary 3.18 Let f € Diff3(R), m, = min,|l, (z)| and M, =
maxy |I,(z)|. For 0 <j < 2g,+1 one has

1
coMy;

n

|Dlog Df’|eo <

with ¢o = v/2SeV (1 + eQV).
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Proof. We only need to consider the case ¢p,+1 < j < 2¢n41, theni = j—q,41,
varies between 0 and ¢, 1. Applying Corollary 3.17 to Dlog Df? o f,,,1 the
thesis follows. O

Corollary 3.19 Let f € Diff3 (R), M,, = max, |I,(z)|. For m = n,n +1

one has

1
caMy

|Dlog D fy, (x)] <
[ ()]

where c3 = /2Se?V (1 + 62V) (2 + egv).

Proof. Let 9 € R be such that m, = |[,(x0)|, and let © € R. Choose
0<3j<qni1, k€Z,yc J,(xg) such that z = fIT*(y). One has

Dlog D (fm o f7) (y) = Dlog D fm (x) Df? (y) + Dlog Df? (y),
and therefore, by Corollaries 3.17, 3.18:
|Dlog Dy ()] < V2Se¥ (2+€*) [Df7 (y)| 7.
On the other hand, from Corollary 3.10, one has

()] v

J -1 e’ .
DRI <

Finally, we have by Denjoy’s inequality

|1, (fn(0))]
L (fr * (0))]

and therefore, as I, (y) C I, (20) UL, (fn(z0)) or I,(y) C Ly (z0) UL, (f; 1 (20)):

2V|In(1‘0)|’

<e
< €Y [In(zo)l,

Ln ()] < (1+€*Y) [n(0)]
which proves the required inequality. O

We can finally prove

Corollary 3.20 Let f as in Proposition 3.15. Then |log D f,|co < C4Mé.

Proof. Let xy € T such that m,, = |I, (zo)| (so log Df, (z¢) = 0); from
Lemma 3.7 we know that J,, (z¢) cover the circle, so for all © € T there exists
0<j < qu1 and j € J, (m0) such that x = f7 (y). Letting 0 < j < 2¢,41
we can take y € I, (g).

We use the fact that

log Df? (fn (y)) —log Df? (y) = log Df, (x) —log D fr (y)
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we write

log D f, (z) —log D f,, (x0) = log Df? (fn (y)) — log Df7 (y) (3.11)
+10ngn (y) _IOngn (xO) (312>

To estimate the right hand side of (3.11) we use

. . fn(y) i
log DfI (fu (4)) —log D ()| < | / Dlog Df? () de]

In (9)]
I (o))

but | fn (y) =yl < [fn () = Fa (@o)| + |20 =yl < (¥ + 1)mn (o).
For (3.12) we use something similar. And finally we obtain the result. O

< my (y) ||Dlog D f||go < M2

3.6 Partial renormalization

In this subsection we prove a first step of every renormalisation theory for
circle diffeomorphisms. We prove that starting with some f € Diff¥ (R), not
necessarily near a translation, then for all ¢ > 0 we can do an appropriate
number of renormalisation steps in order to end with an analytic diffeomor-
phism f/ which is e close to a translation in the C? topology.

Proposition 3.21 Let us consider the action 7 : Z? < Diff % (R), given by:

mie_1—mle_)=T
mieg—7(eg) = f

with p () = [—1,a] and o € R\ Q. Let f, = f9" o TP and (fy, fnt1) be a
basis of the Z2-action.
Let € > 0, then for n large enough, there exists h, € Diff (R) such that:

hpofaoht =T
hn © fn+1 o h:Ll = LI'n+1
with Fy 1 € Diff Y (R), p(Frt1) = ang1 and [D1og DF, 1o < €.

Proof. Let xg € T be such that m,, = |I,(z¢)| and let A be the affine map
such that A(zg) = 0, A(fn(x0)) = —1. Set fi, = Ao f,0 A~ form = n,n+1.
By Corollaries 3.17 and 3.20, we have

log Dfmllcr < eMy/>.

Moreover f,,(0) = —1; therefore there exists ko € Diﬁi([—], 1) with ||ko —
idllez < eMy? and ko o fnokyt = T on [0,1]. On the other hand, the
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quotient R/ f,% is a compact analytic 1-dimensional manifold, and is therefore
C¥-diffeomorphic to the circle: there exists ki € Diff% ([—1, 1]) with k; o fno
k't =T on [0,1].

The composition ko o k7 belongs to Diﬁ"i('ﬂ“); taking k € Diff % (T), C-
close to kg o kfl, and setting ko = k o k1, we have ky € Diff{([—1,1]) and
ko — id||ce < cMa/2

It is now sufficient to take h,, = ka0 A: we have h,, o f,oh, ! = kQOankgl =
T and Fpy1 = hp o fui10hyt =kyo fnyroky !, with

|log DFyilcr <eMM?. O

4 Analytic case

4.1 A linearization criterion

Let 7 : Z* — Diff% (R) be an action with 7(e_1) = T, w(eg) = f as above.
Let A > 0 be such that f is holomorphic and univalent in Ba.

Proposition 4.1 The action 7 is C¥-linearizable if and only if the set

L=()f"(Ba)

n>0
contains R in its interior.

Proof. The condition is obviously necessary. Assume that it is satisfied. Then
the component U of intL which contains R is invariant under T" and satisfies
f(U) c U. It is simply connected by the maximum principle (applied to
Sm f™); therefore there exists § > 0 and a real biholomorphism h : By — U
commuting with 7. Then h~' o f o h is real, commutes with 7" and sends
univalently By into itself. Therefore it is a translation. O

4.2 Local Theorem 1.2: big strips

4.2.1 Scheme of the proof Let 7 : Z* — Diff¥(R) be an action of Z?
with generators w(e_1) = T, w(eg) = f. We assume that p(f) = « is a
Brjuno number and that f is holomorphic and univalent in a strip Ba with
A > iB (a) 4 ¢, where ¢ is a conveniently large universal constant.

We set Fy = f, Ag = A, ag = a. We will denote by ¢y, o, ¢c3 universal
constants. We will construct, through a geometric construction explained in
the next section, holomorphic maps H,, F,, for n > 0 with the following
properties:

e (in) F,, € Diff{(R) commutes with T, has rotation number «,,, and is
holomorphic and univalent in a strip Ba, with
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(iins1) Dpg1 = a;t (An — % loga, ! — cl).

(#9%p+1) The map H, 1 is holomorphic and univalent in the rectangle R,, =
{|Rez| <2,|Smz| < A, — 5=loga, ! — co}. Moreover H,, .y restricted to
(—2,2) is real and orientation reversing.

(ivy41) For z,2" € R, we have

|, (Sm Hyyq(2) — Sm Hyyq(2) + (Smz — Sm2')| < es.

(vp) For z € R, we have

9 11
2 Fo(z2) — e
10%n < Re(Fp(z) — 2) < 0%
1
| Sm(F(2) — 2)| < 0%

(Vip41) For z € R, NT7'R,

Hn+1(TZ) = F7l+1(Hn+1(Z)) + Ap+1

(viipy1) For z € R, N E;YR,)
Hyp1(Fo(2)) = Hnya(2) — 1.

Let us explain why these properties imply that the action generated by
T, f is linearizable. We will apply the criterion of Section 4.1.
We can assume c3 > ¢; > 1. Define, for n > 0

cs(n) = e3(1+ apn + Qpny1 + g p10n4o + ... ) < 4des.

Take ¢ = ¢g + 8¢c3. We will show that if

1
[Tm2] < Ap = 5—Blan) = [e + 2c3(n)]

then for all m > 0, we have
|Sm F)(z) — Smz| < c3(n).
This allows to conclude by Proposition 4.1 (taking n = 0). Assume by con-
tradiction that for some n > 0, some z and some M > 0, we have
[Smz| < A, — %B(an) — [c2 + 2¢3(n)], (4.1)
|SmE) (2) —QSmz| <cz(n), for 0<m<M (4.2)

| Sm FM(2) — Sm z| > e3(n).
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We may assume that Re z € [0,1). Observe that from (4.1), (4.2) we have

1
|SmET ()] < A, — %B(an) — [ca 4 2¢3(n)]

1
<A, — —loga,t —(ca+1)
2
for 0 < m < M, hence by (vy)
1
|Sm FEM(2)| < A, — =—loga, ' — ca.
2
Thus, if we put k,, = [Re F"(2)] for 0 < m < M and w,, = F"(2) — kpp, we
have w,, € R, for all 0 < m < M. We have also kg = 0 and k41 — b, €

{07 17 2} by (vn) AlSOa Fn(wm) = Wm+1 + (km+1 - km) Set Um = Hn+1(wm)
for 0 <m < M. By (vi)p4+1 and (vii)p4+1 we have

Um+41 = F’r}fj:frlikm (Um) + (km+1 - km)anJrl -1

and thus
Uy = F,]f_’ﬁl(uo) + kpanye1 —m
for 0 < m < M. On the other hand, by (4.3) and (iv,,11), we have
lan (Smup — Smug)| > cs(n) —cs
and therefore, as c3(n) = cs + ancs(n + 1), we get
| Smuyr — Smug| > e3(n+1). (4.4)
We have also by (iv,41):

| Smug| < a; ]| Sm 2| + 3]

1
<alA, - %B(an) — (g + 2¢3(n)) + c3]
using (i)
1
< Api1 4 cra;t = ——Blagg) + csay,t — (c2 + 2e3(n))oy, !

2
1
< An+1 — %B(Oén_;,_l) — (62 + 203(” + 1)),

as ¢1 < c3. We conclude that ug for F, 11 and some integer M’ < kj satisfy
the same properties (4.1), (4.2), (4.3) of z for F,, and M. But we have, by

(vn)

11
kv < Re(FM(2) —2)+1< TOanM + 1.
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Iterating twice, we would have for F, 5 and some integer M" a point ¢, with
the same properties and

11
M < pom M +1

2
11 11
< <10> 1M+ —ap +1

10
1/11\? 21
(=) M+ =
<3 (10) 10
We conclude that for some 7 we would be able to find a point z satisfying

(4.1), (4.2), (4.3) with M < 5. But this is impossible because of (vs). As
mentioned before this concludes the proof of Theorem 1.2.

4.2.2 The geometric construction The following result is due to
Grotzsch [Ah]: Let V' C C/Z a homotopically non trivial annular open set,
symmetric with respect to R/Z. Denote by mod(V') the modulus of V' and
by Ay the largest A such that Bao C V. Then

1 1
Ay > = — — log 4.
v > 2mod(V) o og

On the other hand, one obviously has
1
We write f in Section 4.2.1 as

£ =2+ 3 Fmpermim,

meZ

By Grotzsch’s Theorem we have in Ba N {Smz > 0}
1
Sm(f(z) —2) > —5—log4
2m
which gives for the Fourier coefficients universal estimates
Fm)] < =21y m £ 0.

We denote here and in the following by c4, cs, ... universal constants. From
this we easily get, for 0 < Smz < A —1

1f(2) = 2 — ag| < eseTA7ImD), (4.5)

[Df(2) = 1] < coe™TA7Sm2),
|D2f(z)| < 076—27r(A—S¥m z).
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Thus there exists cg > 0 such that, if

1
OgﬁngAfylogaalfq;:h
T

then
£) = = = ] < 500, (4.9
IDS(z) - 1] < 1500 (19)
1
ID*f(2)] < 15 (4.10)

Therefore, relation (v) in Section 4.2.1 will follow provided that ¢ > cs.

Consider now the Jordan domain U C Ba whose boundary is the union
of the vertical segment ¢ joining ¢h to —ih, the image f(¢) and the segments
joining ih to f(ih), —ih to f(—ih) (see Figure 1). By (4.8), (4.9) the curve
we have described has no self-intersection. We glue the two vertical-like sides
of U through the holomorphic map f; we thus obtain an abstract annular
Riemann surface U. Complex conjugation leaves U invariant and induces an
antiholomorphic automorphism of U. Define

A= %mod(f])

(U is obviously not biholomorphic to C*, thus A’ < +00). We now choose
a biholomorphism H; from U onto Bas /Z, which is orientation reversing on
the equators of these annular domains (sending the top boundary of U onto
the bottom one of Ba//Z); we lift H; to an holomorphic map

Hy: UU[Uf(g) <~ Bas
which satisfies
Hi(f(2)) = Hi(z) — 1, (4.11)

for all z € /.
To extend the domain of H; we will use the

Lemma 4.2 Define
1
R={|Rez| <2,|mz| < A_TIOga_l — )
s

with co =cg + 1. If z € R and Re z > 0, there exists a unique integer L < 0
such that fX(z) € UU{ and

. 1 _
\%mfj(z)|<A—%loga ¢
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we T Af(w)

o
ge)
H

-ih e

Fig. 1. The construction of the domain U

for0> 7> L. If z€ R and Rez < 0, there exists a unique integer L > 0
such that f¥(z) € UU{ and

for0<j<L.
Proof. 1t is clear from (4.8). O

We now extend the domain of definition of H; to U U R using the previous
Lemma and the relation (4.11). By the Lemma, relation (4.11) will hold
as soon as z € RN f~1(R). Next we will define Fy (from property (viy) in
Section 4.2.1):set V- = H; ((UULJf(£))NR), V* = UpezT™(V), and denote by
A* the largest A such that Ba, C V* (see Figure 2). For z € (UULUf(¢))NR,
define

F](HI(Z)):Hl(Z—l)—al (412)
(which is possible as z — 1 € R); if z € £N R, we will have

Fi(Hi(z) = 1) = Fi(H:1(f(2)))
=Hi(f(z) = 1) —a
=Hi(f(z—1)) —a
=Hi(z-1)—-1-—a
= Fi(Hy(2)) — 1.

This shows that F; extends from V to V* as an holomorphic map, commuting
with T'. Also F} obviously restricts to a diffeomorphism of the real line. One
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Fig. 2. Standard construction: glueing, uniformizing, developing on the plane

also easily checks that F) is univalent on V*, and that relation (4.12) extends
toall z€ RNTY(R).

We now have constructed F; and Hy, and we have checked properties (i1),
(#4i1), (viy), (viiy) of Section 4.2.1. We have also seen how (v) follows from
the choice of R. There remains to check (ii1) and (iv1). Both follow from
minorations of moduli of annular domains and Grétzsch’s Theorem.

For —h < y < h, denote by o, the segment joining iy to f(iy). For
0 <y < h,let A, (resp. A;) be the Jordan domain whose boundary is
formed of og, gy, [0,4y] and f([0,4y]) (resp. on, oy, [iy,th] and f([iy,ih])).
We glue through f the vertical sides of A,, A; to obtain annular Riemann

A +
surfaces Ay, A .

In the Appendix we will show that

lamod A, — y| < co, (4.13)
lamod A} — (h —y)| < e1o. (4.14)
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1 1

We obtain (ii1) (i.e. a bound from below for A*) taking yo = A—5-loga™" —

cg — 1. Then, A,; C U N R and therefore
1 * —1
5med (V*/Z) = a™ (yo — ¢o)

and (ii1) follows by Grotzsch. To obtain (iv1) consider z € R with Sm z > 0.
It is sufficient to consider 2’ € U U ¢ (with Sm 2’ > 0) because of (vii;) and
(vo): the point 2’ = fL(z) given by the Lemma above satisfies

|Smz—Smz/| < 1.
On the other hand, such a 2’ lies on a unique segment o, with

1
Smz —yl < —.
| Sm z y|_10

From Grotzsch’s Theorem, we now have a bound from below for | Sm H;(2')]
because

modA, > o~ (y — ¢)
and a bound from above because
mod[l;' >a Y h—y—c)
which together prove (ivy).
This concludes the geometric part of the proof of the Theorem.

4.3 Local Theorem 1.3: small strips

The local Theorem 1.3 for small strips is an easy consequence of the local
Theorem 1.2 for big strips.

Consider f € Diff? (R), commuting with 7', with rotation number o € B,
holomorphic in a strip Ba. We will now assume that

e(f) =sup|f(2) =z —af

is small. Let n < 1 to be chosen later. We perform a construction similar to
the one described in Section 4.2.2: consider the curve made of the segments
joining (A — 1) to —i(A — 1), i(A —n) to f(i(A —n)) and —i(A —n) to
f(=i(A —n)) and the image f([—i(A —n),i(A —n)]); this is a Jordan curve
if e(f) is sufficiently small, namely

€<f) < <<50(A7 n, a)

(use Cauchy estimates to control f([—i(A —n),i(A —n)])).
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Next we glue through f the vertical sides of the Jordan domain U bounded
by this curve, to get an annular Riemann surface U. We also define

R={|Rez| <2,|Omz| < A—2n}.

As in Section 4.2.2, we can define a holomorphic map H; on R, uniformizing
U, and a diffeomorphism Fj, commuting with 7', and conjugated to T f** by
Hy, holomorphic on a strip Ba:. The key fact is the following

Lemma 4.3 Given Ay < a 'A and €1 > 0, we can choose n < 1 and g
such that, if we start with e(f) < eq, then we obtain Fy holomorphic on Ba,
and

e(F) = jsgup |Fi(2) — z — aq| < 1.
Aq

The easy proof is omitted.

The local Theorem 1.3 now follows from the local Theorem 1.2 by iteration
of the Lemma 4.3: for all N > 0, Ay < ﬂ&ilA, en > 0, there exists
g0 = &o(AnN,en,a, A) such that, starting with e(f) < &y we end up after
N renormalization steps with a diffeomorphism F € Diff¥ (R), commuting
with T, holomorphic on Ba,, conjugated to TP~ f9¥ and satisfying

e(Fn) = sup |Fn(2) — 2z —an| <en.
AN

Actually, by Cauchy estimates, we can as well assume that Fy is univalent
on Ba, . But then, if N is large enough, we can apply local Theorem 1.2 to
Fy: indeed we have, if

| >

> Buoaloga,’ <

n>N

(4.15)

that

_ _ 1.
B(C{N) = ﬂNl—l Z ﬁn—l loganl < §ﬁN1_1A
n>N

Taking Ay = 285", A and N large enough to have 135" | A > ¢ as well as
(4.15), we conclude that Fy and then f are linearizable.
4.4 Global Theorem: complex Denjoy estimates

The estimates in the Proposition below will be used several times in the proof
of the global conjugacy theorem. They are also of interest in order to control
the dynamics in the non-linearizable case (see [PM]).
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Let f € DiffY(R) be a diffeomorphism commuting with 7. We assume
that f is holomorphic in a strip Ba, that Df does not vanish in this strip
and we set

T =sup|DlogDf(z)|
Ba

(log Df being real on the real axis).

We assume that the rotation number « of f is irrational and denote by
Dn/qn its convergents. As in Section 3 we set f, = f9 o TP» and M, =
supg | fn(x) — x|, and denote by I,,(z) the interval with endpoints z, f,(x).

Proposition 4.4 Assume that 7 < log2 and set |W|max = min (ﬁ,

% — %) Let wg € C satisfy |wo| < |w|max, let xg € R; define

20 = o + (fn(z0) — o) wo.
Then the points f7(29), 0 < j < qni1 belong to Ba; moreover, if we write
F(20) = 7 (x0) + (fu(f (x0)) — 7 (z0))w;,
then we have, for 0 < j < qpy1:

|In(fj (xO))l

= |log D7 (z) — log |1, (20)]

d
o 5 < (2luo] + 1),
and

lo < (2Qwo| + 1)1 < log 2.

Proof. For every j, the second estimate is a consequence of the first. On the
other hand, assume that the second inequality is valid for 0 < [ < j. Then
we have, for [ < j

lwy| < 2|wo| < 2|w|mae < M, 1A,
and thus f7=1(z9) € Ba and f7(z) is defined. We have now, if j < q,41:

llongj(zo) log D f4( (z0)] Z llog D f( (fY(20)) —long(fl(mO))|

=0

< Z 1L, (f* (o)) | Jwi|7 < 27| wol,

because |w;| < 2Jwg| and >[5 YL (fY ()] < 1 as these intervals are
disjoint. Similarly we get

| Ln (7 (20))]
[In (o))

which gives the first inequality (and hence the second) at step j. O

log —log D f? (zo)| < 1,
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As a consequence of the Proposition above and Proposition 3.21, we obtain
the

Corollary 4.5 Let m : Z* — Diff%(R) be an action with w(e_1) = T,
w(eg) = f, p(n) = [—1, o] with irrational a. Write as before f,, for fin oTPn.
Then, for any Ao > 0, there exists n and a diffeomorphism k € Diff% (R)
such that
kofaok ™ =T
ko fn+1 © k71 = I'n+1
where Fy 1 is holomorphic and univalent on Ba,, with rotation number

Aptq-

Proof. We may assume Ag > 1. Let n < Aal be a small parameter to be
determined later. By Proposition 3.21, we can find an analytic conjugacy
for the action sending (for some m = m(n, Ao, f)) fm to T and f,,4+1 to a
diffeomorphism F' with

sup |Dlog DF (z)| < nAg*.
R
Therefore, we can as well assume that f = F satisfies this estimate. We then
pick A > 0 such that f is holomorphic and univalent on Ba with
7:=sup|Dlog DF(z)| < 2nA; "

Ba
Then
log2 1 _ A
og s 70
2T 2 8
provided that 7 is small enough. We choose n large enough to have also
A Ag
= and M2 <.
oM., > 877 an no<n

Then the estimates in the proposition hold for |wg| < (87) 1 Ay. In particular,
taking n < 1/24 and wy < 3Aq, we will have, for j < g,41:

dw;
log —L| < 14 4.1
08 Jug| = 1A (4.16)
log 27| < 141, (4.17)
wo
and also, by Corollary 3.20
[Ln (fn ()] ‘
log < cqn, 4.18
Jos P20 (119
(L (frs1(2))] ‘
log ————| < c4m. 4.19
7,@) (419
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We now perform the same geometric construction as in Section 4.2 or 4.3: set
h = 2A0|1,,(0)|; for n < Ag!, consider the Jordan domain U whose “vertical”
sides are the segment [—ih,ih] and its image by f,,, and horizontal sides are
[—ih, fo(—ih)], [ih, fn(ih)]; glue the vertical sides of U through f; uniformize
the resulting annular Riemann surface to get an holomorphic map k : U — C
which is real and orientation-reversing on U NR, extends continuously to the
vertical sides of U, and satisfies

k(fa(it)) = k(it) — 1 (4.20)

for |t| < h. Next, defining the rectangle
3
R = q|Rez| <3|I,(0)],|Smz| < Zh ,

we use (4.16) and (4.18) (with n < Ag!) to extend through relation (4.20)
the domain of k to U U R. Setting

2
Ulz{zeU,|%mz|<3h},

we deduce from (4.16), (4.18) that

fn+1(U1) CR

and this allows to define a holomorphic map F), 1 on k(U;) by

Frs1(k(2)) = k(fusa(2)), 2 € Ur.

We will be finished if the strip Ba, is contained in the union U, ezT™ (k(U1)).
But this will be clearly true if 5 is small enough. O

4.5 Global Theorem: proof of linearization

4.5.1 The geometric construction with large strip but small rota-
tion number Let 7 : Z? < Diff% (R) be an analytic action with w(e_1) = T,
m(eg) = f, p(m) = [-1,a], a € (0,1). We assume that f is holomorphic and
univalent in a strip Ba, with A > Auin, Amin @ universal constant to be
determined later. We also assume that « is so small that

1
A< —loga™! , 4.21
< 5 loga + ¢ ( )
with ¢g another universal constant determined as follows: if on the opposite

A > i log o' 4 ¢, we are able to perform the construction of Section 4.2.2
with the estimates indicated in Section 4.2.1.
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From relations (4.5), (4.6) and (4.7) we get, for |Sm z| < 1:

|f(2) — 2z — a| < che ™2, (4.22)
IDf(z) — 1] < cge™ 24, (4.23)
[Dlog Df(2)| < cre™>"2, (4.24)
and then, joining (4.21) with (4.22)
1f(2) — 2| < erre” 22, (4.25)
We apply Proposition 4.4 to f in the strip B; with n = 0. We have
|| max = min (2;40, 102%2 - ;) > 19678,

Let h = 0e*>™2|f(0)], with 6 a universal constant conveniently small, in par-
ticular 6 < %012. If we have also ¢ < 1, then we can define a Jordan
domain U whose boundary is formed of [—ih,ih], its image under f, and the
segments [—ih, f(—ih)], [th, f(ih)]. We glue the vertical sides of U through
f, and uniformize the resulting Riemann surface to get a map H : U — C,
real and orientation-reversing on U N R, which extends continuously to the
vertical sides of U and satisfies

H(f(z))=H(z)—1,z €. (4.26)
For small 6, we have from (4.23)
7)== = fO)] < 11£(0) (427

if |[Rez| < 3]f(0)]|, |Sm=z| < h. This allows to extend the domain of H,
through (4.26), to

R={1esl <3170 | 9m =] < 3n}.

Now, Proposition 4.4 shows that (provided 6 is small) if z € U and | Sm z| <
$h, then T f*(z) € R. Therefore we can define F on V = H(U N By,/2) by

F(H(2)) = H(Tf* (2)),2 € TN Bya. (4.28)

Then F will extend to an holomorphic and univalent map on Uy,czT™(V),
commuting with 7. It remains to estimate the witdth of the largest strip Ba«
contained in Uy,ezT™ (V). By the Grotzsch’s Theorem mentioned earlier,
this amounts to obtain a bound from below for the modulus of the annular
Riemann surface V obtained by glueing through f the vertical sides of V. In
the appendix, we will show that

modV > ¢30e*™®
which gives finally (with now a fixed value of 0)

A* > cpqe?™A. (4.29)
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4.5.2 Conclusion of the proof of the global theorem The proof of the
global theorem is now easy from the above estimates and the local theorem.
Recall from Section 2.5 the definition (2.11) of the functions r, (« € (0,1))
involved in the statement of conditon 7. On the other side, we define, in
connection with 4.2.1 (ii) and (4.29), for o € (0,1), A € R

(A = {al (A—Llogat—¢) if A>Lloga™+co, (4.30)

crae2™ if A< % log o™t + ¢,
where ¢y has been chosen such that ¢y > ¢; + 1.

Lemma 4.6 For any c > 0, there exists Z; such that, for any o € (0,1),
any A > Z;, any k >0, one has

* * * 1
Tap_,©77°° rao(AO) >c+ %Tak—l O+ 0Tq, (0)

Proof. Left as an exercise to the reader. 0O

Let now a € H and 7 : Z? — Diff%(R) be an action with w(e_1) = T,
m(eo) = f, p(m) = [-1,a]. With the constant ¢ involved in the statement of
the local theorem (large strips), we apply the Lemma above which gives a
constant Ay. We then make use of Corollary 4.5: we find N and k € Diff ¢ (R)
such that

kofy_10k™" =T,
kOfNOkile,

with F" holomorphic and univalent in Bz~ and p(F) = ay. For k > 0, we
now set

A;:‘ = TZN+)C,1 0---0 T'ZN(Z())’

Tk = Tanin_1 O OTay (0)
By the very definition of condition H, there exists K such that

rrx > Blantk)

which implies, by the Lemma above
1
Ay > c+ —B(anik).
s

On the other side, starting from F', the geometric constructions of Sections
4.2.2 or 4.5.1 allow to obtain a sequence of diffeomorphisms Fy, 0 < k < K
such that

e the action generated by T, F} is analytically conjugated to that generated
by T, F;

e [} is holomorphic and univalent in BAZ7 with rotation number oy .

But Aj is large enough to apply the local theorem: the action generated by

T, F (and thus also the initial action) is analytically linearizable.
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4.6 Global Theorem: Construction of nonlinearizable
diffeomorphisms

4.6.1 Introduction In this last section, we will construct, for any o ¢
H, analytic actions with rotation number [—1, a] which are not linearizable.
Actually we get even a slightly more precise result, relating the way in which
condition H fails to the width of the strips of univalence for the examples.

The construction of nonlinearizable actions is based on a geometric con-
struction analogous to, but more sophisticated than, those which were made
in Section 4.2.2. It is explained in Section 4.6.4. In the next section, we will
state the result of this geometric construction; in Section 4.6.3, we explain
how to derive the construction of analytic nonlinearizable actions from the
basic step 4.6.2.

4.6.2 Result of the geometric construction In this section, we are
given an analytic action 7 : Z? — Diff ¥ (R) with w(e_1) =T, m(eg) = f and
p(m) = [-1,a], with o > 1. We assume that f is holomorphic and univalent
in a strip Ba.

Proposition 4.7 There exist universal constants cis, c1g, - .. ,Coq such that,
if A > c15 we are able to construct an analytic diffeomorphism F, commuting
with T, with rotation number o~ and the following properties:

(i) F is holomorphic and univalent in a strip Bas with

A oA+ Lloga—ci7 if a<ciA
% log A — c15 if a>cigA.

(il) If a > c16A, F has a fized point p with 0 < Smp < c19 < A,
(iii) Assume that, for some P,Q > 0, f has a periodic orbit (modZ) O with

fe(2)—P=22€0,

0< mgx%mz < 2019;
then F has a pertodic orbit O with
fP(Z/) _ Q _ Z/7Z/ c O/,
0 < maxQm 2z’ < AmaxIm z,
o’ 16)

where

\ %ail if a<cigA
B CgoA_l ifa > c16A.

We defer the proof of this proposition to Section 4.6.4.
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4.6.3 Construction of nonlinearizable actions Before we construct,
using Proposition 4.7 as a building block, nonlinearizable analytic diffeomor-
phisms, we need a few preliminary arithmetical remarks.

For o > 1, A > 0, we define, in connection to Section 4.6.2:

1A+ Lloga - if A> oy
Ri(A)={ Srasisamar | €16 % (4.31)
5- log A —c18 if A<cgo
This is closely connected to the function (r,-1)~:
“lr+1 1 if x>
(Ta—l)_l(x): o r+logx + 1 Tz, (4.32>
log z if x<a.

The function R}, appears in the third of the following elementary lemmas.

Lemma 4.8 Let « be irrational and xo > 0. Assume that for all k > 0 we
have

T = Tq,_, O+ 0Tqa,(z0) > log a,:l.
Then o € B and xy, > B(ay) —4 for all k > 0.

Lemma 4.9 Let « be irrational and ©* > 0. Then o ¢ H if and only if there
exists m and an infinite set I = I(m,x*, «) such that, for allk € I
Tamano1 " °Tap (JC*) < log Oz;lik.

Lemma 4.10 There ezists a universal constant co; > 0 with the following
property. Let a be irrational, xg > 2mce;, N > 0; define
Tk 3=Tay_, O 0Tao(T0), 0<k<N,

choose Ay > imN + co1 — %xo and define

Ak ZZRZ—lo"'ORZ_1 (AN), OSkSN
k N

-1

Then, for all 0 < k < N, we have
1 1
Ap > —xp —cop —max (0, —any — Ay | .
2w 2

All the three lemmas above are elementary computations that are left to
the reader.

We now select some irrational number « which does not belong to H, and
some width A* > 1. We set

1 +
Co2 = C18 + Cco1 + o log™ c16,
v

¥ =27(A" + c22),



162 J.-C. Yoccoz

and we fix some integer m given by Lemma 4.9 such that the set I =
I(m,x*,a) in this lemma is infinite. We will construct nonlinearizable an-
alytic diffeomorphisms with rotation number «,, which are holomorphic and
univalent in Bax.

Let k € I. We define diffeomorphisms fl(k), 0 <! < k+1, with rotation

number a;ni_l_l and diffeomorphisms F, l(k), 0 <1 < k, with rotation number
Q1 as follows:

(k)
* i1 =R, an

. Fl( ) is obtained from fl 1 by Proposition 4.7;
° f(k) — T—am+1 o F(k).
We choose to consider fle—s-l = R _— on the strip BAECM with A;Ql =

e

o
cfﬁla;Hk. It then follows from Proposition 4.7 that Fl(k) and fz *) are holo-
morphic and univalent on a strip B A with

l

A(k) R*71 o OR271 (A(k) )

m+l ‘m+k k+1
Let
*
xr; = ’["am+l71 O-:-0 rarn(l‘ )

Observe that we have, as k € I:

k 1 _ 1
AEC)Z %logakl —Co2 + Co1 > %mk“l‘cm — Ca2

and therefore, by Lemma 4.10
1
Al(k) > %xl — C99.
In particular, taking [ = 0, we have
AP > Ax

On the other hand, by (ii) in Proposition 4.7, for ¥’ € I, k' < k, F,E,k) has a
fixed point p,(clf) such that

0< %mp,(j) < ¢19.
We take A* > 2¢y0 and iterate (iii) in Proposition 4.7; we obtain that Fo(k)
has a periodic orbit ok (modZ) of fized period Qi with

g\ ¥
2 .
0 <maxQmz < <10) C19

o
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Finally, we extract from (Fék)) kel @ subsequence converging to FO(OO): this is
an analytic diffeomorphism, holomorphic and univalent in Ba_, with rotation
number «,,, which has, for each k € I, a periodic orbit (9,(:0) (modZ) of period
Q. satisfying

k

9

0<maxSmz <2 () C19.
o) 10

Therefore Féoo) is not linearizable.

Remark 4.11 To obtain p,(:f) from (ii) in Proposition 4.7, we need A,(jz_l <
-1 -1
€16 ¥y k!

this inequality by taking A/(ﬁq smaller if necessary.

this is obtained by definition for k' = k; when k&’ < k we can force

4.6.4 Proof of the Proposition 4.7 Let f,«, A be as in Proposition 4.7,
with A > ¢35, ¢15 large enough.

By the estimates at the beginning of Section 4.2.2, there exists co3 such
that, for 0 < Sm z < A — co3, we have

£(2) = 2 — o] < — expl-2m(A — ez — Sm2)),

10
IDf(z) — 1] < 1i0 exp[—27(A — co3 — Sm 2)],
|D?f(2)| < % exp[—27(A — co3 — Sm 2)].

On the other hand, we choose a Z-periodic function ¢ in {Smz > A—cos+1}
which satisfies there

[(2)] < L exp[—2m(Smz — A + co3 — 1)],

10
1

|[Di(2)| < 10 exp[—2m(Smz — A + co3 — 1)],
1

|D?3(2)| < 10 exp[—27(Smz — A + ca3 — 1)].

We also choose o’ € C, with [a — o/| < & and set
g(z)=z+a +¥(z), Smz>A—co3+1.
We define also

d(z) =9(2), Smz< —(A—co3+1).

The most obvious and easiest choices are 1) = 0, @’ = «, but other choices
are allowed and may give interesting properties.
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We define a vertical strip U as follows. The left boundary is the imaginary
axis, that we view as the union of the segments [—i(A — ca3), (A — ca3)] = ¢,
[i(A—co3), i(A—coz+1)] = £, [i(A—ca3+1), +ioc) = £ and the symmetric
£* and £7.

The right boundary is the union of the curves f(£), g(¢*), g(£*), and

the two (symmetric) straight segments %, £ which connect f(i(A — c23)) to
g(i(A —cog + 1)) and f(—i(A — c23)) to g(—i(A — a3 + 1)).

The estimates on f, ¥ above guarantee that the domain U is well defined.
We will also have to consider the square

S={0<Rez<1,A—co3 <mz<A—co3+1}

and its symmetric S.

Next, we glue together some parts of the boundary of U: we glue £ to f(¢)
through f, T to g(¢*) through g and £* to g(¢*) through g. We obtain a
Riemann surface U which is a twice-punctured annulus, the two punctures
corresponding to +ioco and —ico and the two components of U to 0* U 7,
0¥ Ul (see Figures 3 and 4).

The fact that +ico give rise to punctures (and not holes) is checked via
moduli estimates from the appendix.

Fig. 3.
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(A

(R

Fig. 4.

Denote by U; the trace in U of U \ (SUS). With z € U \ (SUS), the
formulas
z—=z—1 if Rez>1,
z— f(z—1) if 0<Rez<1,|Smz| <A — cas,
zg(z—1) if 0<Rez<1,Omz>A—co3+1,
z=glz—1) if 0<Rez<1,9mz< —(A—ca3+1),
induce after glueing a map F : Uy — U which is holomorphic and univalent.
Moreover, F' extends holomorphically at the punctures and leave these punc-
tures fixed. We denote by U (resp. U;) the Riemann surface U (resp. U; )
with the punctures filled in. Let
2A = modﬁ,
2A1 = modﬁl,
and let H : U — B Az be a biholomorphism which is orientation-reversing
on the equators. Let H : U \ (¢* U£; UL* UL;) — C a lift of H. Define
V=HU\(SUS)),
V* - UnGZTn(V)

We have V*/Z = H(U,). By Grotzsch’s theorem, setting A’ = A; — > log 4,
we have

Ba C V.
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On the other side, we define an analytic diffeomorphism F', holomorphic and
univalent on Bas, commuting with T by the condition

H(z—1) = F(H(z)),

for z € U, Re z > 1. We will have p(F) = a~! and we need to check the other
properties of Section 4.6.2.

To get the estimates 4.6.2 (i), we need to bound A; from below. Let
w = i(A — ca3 + 1/2); consider the sets, for r > 2

Ap(r)={2<|z—w|<r}NnU,
Ap(r)={2<|z—(w+a)|<r}nU.

If A—ca3 < §, thesets Ap(A—ca3), ArR(A—co3) do not intersect and the trace

of their union in U is an annular domain A; contained in Uy and separating
the equator of U; from one of the boundary components. We therefore have

A; > modA;

and we will show in the appendix that
1 /
modA; > —log A —cig
2

provided that A is large enough (A > ¢;5).
If A —ca3 > %, the sets Ap(a/2), Ar(/2) do not intersect and the trace

of their union in U is an annular domain Az contained in U; and separating
the equator of U; from one of the boundary components. We will show in the
appendix that we have

1
modAs > > log a — ¢} .
When moreover A — co3 > a, we also consider the annular domain A} C Ul

whose trace on U is the domain between the segments [0, £(0)] and w1, f(w1)],
with w1 = i(A — Co3 — %) This annular domain is disjoint from A, and

separates the equator of U; from the same boundary component (associated
to S) than As. In the appendix, we will show that

A
dA/ > = _ /! .
modA;, > . iz
We will therefore have

- 1
A > > loga — ¢} 7,
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if A —co3 > /2, and even

A > 2i loga+a 'A - ¢y — ¢,
when A — co3 > .

The three estimates for A; give (i) in 4.6.2. We turn now to (ii). The two
symmetric fixed points we are interested in (when ¢16A < «) are H(%ioo) =
pT. We define the following annular domain in U: in U we take out {p=,p"},
the trace of the line {fez = a/2} and the trace of the segment [—iw,iw];
this is an annular domain Az which separates {p™,p~} from the boundary
components of U. In the appendix we will show that

1
modAz > Dy log(aA™Y) — clg > ¢y > 0.
m

Considering the uniformization H of U (filled-in at +ioc), we obtain (ii) from
standard Teichmiiller estimates (see [Ah]). Finally, we consider property (iii)
of 4.6.2. We will assume c15 > 2c19 + co3 + 1. Let O be a periodic orbit as
in 4.6.2 (iii); let zg € O with 0 < Re zp < 1. We define inductively z;, ¢ > 0,
by

Zi41 = 2§ — 1 if §R6 Z5 Z 0,
Ziy1 = f(Zl) if Rez <O0.

Then we have zp, g = f9(20) — P = 0. On the other hand, let 2/ = H(z;);
we have

Zign =2 =1 if zig = f(2),
zign=F(z) i oz =2 -1,

hence 2, o = fF(2)) — Q = 2. Because H is orientation reversing on the
equators, the periodic orbit @ in 4.6.2 (iii) will actually be the orbit of Z{.

To estimate Smz}, 0 < i < P + Q, we consider H in the ball B of
center x; = Re z; and radius 2 (A — ¢93); the functional equation H(f(z)) =
H(z)—1 allows to define H in this ball and to check that it is univalent there.

In 4.6.2, we take c15 large enough and ¢4 small enough.

IfA <L cfﬁla, the image by H of the interval BNR of length A — ca3 by the
functional equation will be of length at most 20;61; by Koebe’s 1/4-theorem,
we will have DH (z;) < chyA™1, and by the standard distorsion estimates we
will obtain | Sm 2}| < caoA™! Sm z;.

If A > ¢, we use H(f(x;)) = H(z;) — 1 and the standard distorsion
estimates to obtain |DH(z;)| < ioz L (with ¢16 small enough), and then
(with c15 large enough) | Sm 2| < 3o~ Sm 2;.

This concludes the proof of Proposmon 4.6.2 and of the construction of
non linearizable analytic diffeomorphisms.
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5 Appendix: Estimates of moduli of annular domains

5.1 Dirichlet integrals

Let A be an annular Riemann surface with boundary 0A = 9pA LU 01 A. Let
E(A) be the space of functions H € W2(A) such that H|g, 4 =0, H|g, 4 = 1.
For H € E(A) define the Dirichlet integral

D(H):/ \VH|?.
A
Then, we have

A~ = inf D(H).
(modA) it (H)

In particular, for any Hy € E(A)
modA > D(Hy) ™.

The annular Riemann surfaces for which we need to bound from below the
modulus were obtained in two similar but slightly distincts ways.

5.2 First kind of moduli estimates

In the first setting, we have an holomorphic map f(z) = z + ¢(z). A domain
U has for boundary a vertical segment ¢ = [ihg, ih;], its image f(¢) and the
segments [ihg, f(iho)], [¢h1, f(ih1)]. We obtain an annular Riemann surface
A when we glue £ and f(¢) through f.
Fort € [0, 1], h € [h(),hﬂ7 set

x + iy = ih + t(ih),

p1(h) = Re p(ih),

p2(h) = Smp(ih).
One has

dxz = @1(h)dt +tDy1(h)dh
dy = pa(h)dt + (1 + tDepa(h))dh,

hence

dh = [p1(h)dy — pa(h)dz][p1 + t(p1 Dpa — paDe1)] ',
dz Ndy = [p1 +t(p1Dpa — paDgr1)]dt A dh.

Set now
h — hy

H(xﬂy): hl_ho'
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We will have H € E(A) and
D(H) = (hy — ho)—2/|Vh|2 (5.1)
= (hy — ho)_z//(tp? +¢5)[p1 + t(p1Dpa — paDpr)]~Hdtdh (5.2)

Cqm [p(ih) *dh
< (= ho) /ho @1(h) = |@1(h)Dpa(h)| — \wz(h)D%(h)‘.

(5.3)

5.2.1 Estimates for fiy, A; in 4.2.2 We have there, with

1 -1
Rmax = A — %logoz0 —cg
the following estimates for 0 < h < Apax:

lp(ih) — ao| < esap exp(—2mes) exp[—27 (hmax — h)],
|Dp(ih)| < cgag exp(—2meg) exp|—2m(hAmax — h)]-

Plugging in these estimates in (5.1), we obtain
D(H) < (hy — ho) ™t + ch(hy — ho) 2
and then
(D(H) ™" = ag ' (hy = ho)[L — c§ (ha — o)™
which gives the required estimates for the moduli of fiy, A; .

5.2.2 Estimate for V in 4.5.1 One takes ho= 0, h; = $0exp(2A)|f(0)];
one has

1) === SO < 1/ O), (427
for | Re z| < 3|f(0)], | Sm z| < h, and
|IDf(z) — 1] < cgexp(—21A) (4.23)

for |Sm z| < 1. Plugging in these estimates in (5.1) gives the required esti-
mate:

modV > ¢130 exp(27A).
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5.2.3 Estimates for the punctures of U in 4.6.4 The glueing there is
made through g(z) = z + o + ¢(z), for z =ih, h > A — co3 + 1, with

1
[¥(2)] < 0 exp[—2m(Sm z — A 4 co3 — 1)],

1
|Dy(z)| < 0 exp[—2m(Sm z — A 4 co3 — 1)].

From (5.1), we immediately get that the corresponding annulus has infinite
modulus.

5.2.4 Estimate for the modulus of A in 4.6.4 The glueing is made
through f, which satisfies

1
lf(z) —z—a] < 0 exp[—2m(A — ca3 — Sm 2)],

1
IDf(z) = 1| < 0 exp[—27(A — co3 — Sm 2)],

with hg = 0 and hy = A —cp3 — 5. It is assumed that A > c¢15, A —co3 > .
We obtain in (5.1):

D(H) < (h1 — hO)_Q[a(hl — ho) + ¢17]
which gives the required estimate for Aj:

modA) > Aat — .

5.3 Second kind of moduli estimates

The second setting is the following. On one side, we have an exactly semi-
circular domain

Ap ={ro < |z —w| <r,Re(z —w) > 0}

and on the other an approximately semicircular domain Ag, whose boundary
is made from

e the two arcs f*([w =+ irg,w £ iry]);
e the two left half-circles with diameters [f~(w —ir;), fT(w +ir;)], 7 =0,1;

the maps f~, fT here are close to a translation by some real number o > 1.
We glue the “vertical” sides of Ay, Ar through f*, f~ to obtain A. For
rogrgrl,ogtgé,weset

1
z(t,r) = z(t,r) +iy(t,r) = w + = exp(2wit)r.
i
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On the other hand, for 1/2 <t <1, 7o < r <1, we set
. 1
#(t,r) = a(t,r) +iy(t,r) = fo(r) + —p(r) exp(2mit),
with
fe(r) = S[f (W —ir) + fH(w+1r)]
pr) = 5 1f " (w +ir) = [~ (w—ir)].

The formula

logr/rg

H=(tr) = log 1 /70

defines a function in F(A), with

D(H) = (log > /|V log r)|?
/ |V(logr)|? = / L= ﬂlog -
Ar ro T To

In Ag, we write
dx + idy = adr + bdt
with

1
a=agp+iag = Df.(r)+ sz(r) exp(2mit),
b = by + iby = 2mwp(r) exp(2mit),

/ V(logr) / / |b|2
An 5 1/2 Jro laoby — axbol a1b0|
) _
10| <on [?Re (DP> B |ch|]
lagbr — a1bo| P p

1 -1
/AR |V(log7“)|2 < W/TO [%e (Dpp) — |Dpfc] dr.

giving

Now, we have

giving

171
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5.3.1 Estimates for A;, Ay in 4.6.4 We take [T =g, [~ = f, ro = 3,
w:i(A—ng-‘r%) and

A —co3—1 if 5§A—023<%
T =
T le - if Ay >2 >0

We have then, from the estimates on f, g in 4.6.4

") oz—o/+ <1 _2 1\
_ ~exp | — _ =
p(r 5 r _loep_ m(r 2 )|

1 [ 1]
D — < — — — -
| 0(7’) 1| 10 exp i 27 (’I“ 2)_ N

10

Df.0r)] < = exp | —2x (r - 1>_ .

When we plug these estimates in (5.4), we obtain

V(logr)|? < rlo oy
|V (log g 18
Agr To

giving the required estimates for modA;, modAs in 4.6.4.

5.3.2 Estimate for Az in 4.6.4 We take now (with c16A < @, ¢14 small)
w=0,fT=g, f =g, 10=A—cy3+2,7 = 5 — 1. The same computation
as above will give

1

/ V(logr)? < mlog 7L+ cly
AR To

and the required estimate for modAs.
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Some open problems related to small divisors

S. Marmi, J.-C. Yoccoz

0 Introduction

What follows is a redaction of a (memorable) three-hours—long open problem
session which took place during the workshop in Cetraro. Each of the five
lecturers (H. Eliasson, M. Herman, S. Kuksin, J.N. Mather and J.-C. Yoc-
coz) spent about half an hour briefly introducing some open problems. This
redaction grew from the notes that the first author took during the session:
whereas we mention who suggested each of the problems of the list we give
below (with the exception of the authors of this text) we are the only respon-
sible for any mistake the reader may find in their description or formulation.
Moreover the list of references is very far from being complete and has not
been updated. We tried to make this text self-contained, but see [KH] for
terminology and further information and [Yo2] for a short survey of classical
results concerning small divisor problems.

1 One-Dimensional Small Divisor Problems (On
Holomorphic Germs and Circle Diffeomorphisms)

1.1 Linearization of the quadratic polynomial. Size of Siegel
disks

Let us consider the linearization problem for the quadratic polynomial Py (2) =
A(z — 2%) ([Yo3], Chapter II) where z € C, A\ = €™ and « € C/Z. We say
that Py is linearizable if there exists a holomorphic map tangent to the iden-
tity ha(z) = 2 + O (2?) such that hy(Az) = Py(ha(z)). Then hy is unique
and we will denote r) its radius of convergence (when |A| = 1 this measures
the “size” of the Siegel disk of Py).

The second author proved the following results:

(1) there exists a bounded holomorphic function U : D — C such that for
all A e D, |U(N)| is equal to 7y;

(2) for all \g € St, |U(N)] has a non-tangential limit in Ao, which is still equal
to rx,;

(3) if A = €™ o € R\ Q, P, is linearizable if and only if « is a Brjuno
number: if (p,/¢n)n>0 denotes the sequence of the convergents of the
continued fraction expansion of « then being a Brjuno number means
that Y7 logfif“ < +o0;

L.H. Eliasson et al.: LNM 1784, S. Marmi and J.-C. Yoccoz (Eds.), pp. 175-191, 2002.
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(4) There exists a universal constant C; > 0 and for all ¢ > 0 there exists
C. > 0 such that for all Brjuno numbers « one has

(1—¢)B(a) — C. < —log|U(e*™*)| < B(a) + C; .

Problem 1.1.1 Does the function (defined on the set of Brjuno numbers)
a+— B(a) + log |U(e*™)| belong to L>=(R/Z)?

There is a good numerical evidence [Mar| in support to a positive answer
to the following much stronger property:

Problem 1.1.2 Does the function a — B(a) + log |U(e2™%)| extend to a
1/2-Hélder continuous function as a varies in R?

These two problems are discussed to some extent in [MMY1], [MMY2].
For some related analytical and numerical results concerning some area-
preserving maps, including the standard family, we refer to [Mar|, [BPV],

[MS], [Da], [BG], [CL].

1.2 Herman rings. Differentiable conjugacy of diffeomorphisms
of the circle

The second author [Yo5] proved that the Brjuno condition is also necessary
and sufficient in the local conjugacy problem for analytic diffeomorphisms
of the circle. In this case the simplest non-trivial model is provided by the
Blaschke products Qq o (2) = paz> fja‘;. Here a € (3,4+00) and p, € S! is
chosen in such a way that the rotation number of the restriction of Qg o
to S! is exactly a. Under these assumptions Q. induces an orientation-
preserving analytic diffeomorphism of S!. Note that when a — 400 then
Qan(2) — ¥z,

When «a is a Brjuno number if a is large enough then Q. is analytically
conjugated to the rotation R,(z) = €2™®z in a neighborhood of S'. If «
satisfies the more restrictive artihmetical condition H (we refer to Yoccoz’s
lectures in this volume for its definition) then Q. is conjugated to the
rotation for all @ > 3. This leads to the following

Problem 1.2.1 Let o be a Brjuno number not satisfying condition H: does
there exist an a > 3 such that Qu o is not analytically conjugated to the
rotation R, ?

Concerning this problem Herman showed that there exists at least a Brjuno
number « not satisfying H such that the answer to the previous question is
positive.

In general one expects to exist a maximal interval (ag, +00), ag > 3, such
that Q4 o is analytically conjugated to a rotation for all a € (ag, +00) whereas
Q.o 18 not analytically conjugated.

Problem 1.2.2 How smooth is the conjugacy for ag? How does this smooth-
ness depend on a?
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This leads naturally to the study of conjugacy classes of orientation-
preserving diffeomorphisms of the circle with finitely many continuous deriva-
tives. Here the relevant arithmetical conditions on the rotation number are
of Diophantine type. Let 7 > 0; we denote DC(7) the set of irrational num-
bers a whose denominators ¢, of the continued fraction expansion satisfy
Gni1 = O(g:*7) for all n > 0.

Let T = R/Z; r,s € {0,400,w} U [1,400). Let Diff’, (T) be the group of
C" diffeomorphisms! of T which are orientation-preserving. We denote D" (T)
the group of C" diffeomorphisms of the real line such that f —id is Z-periodic.
We consider the linearization problem f o h = h o R, where R, denotes the
rotation of & on T, « is the rotation number of f (mod 1) and h € Diff’ (T),
with 7 > s. One must distinguish the local conjugacy problem from the global
one: thus we define

Crs ={a € R\ Q, every f € Diff’, (T) with rotation number a mod 1
is conjugated to R,with a conjugacy h € Diff}, (T)}

C}f’f ={a e R\Q, every f € Diff’, (T) with rotation number o mod 1
C"-close to R, is conjugated to R, with a conjugacy h € Diff’ (T)}

Note that in the definition of Ciosc the neighborhood in the C” topology which
measures the distance of f from R, depends on «.

Let s < r —1 < co. The following inclusions are known after [He2, KO1,
KO2, KS, Yol, Yo4], etc.

DC(r—s—l—s)CCnSCCi?;:CDC(r—s—l—i—E) for alle > 0

The third inclusion is due to Herman [He2]. One also knows from [SK] that:

o ifl<s<2<s4+1<r<3thenDC(r—s—1)CCrs;
e DC(0) C C,r—1 provided that r > 2, r ¢ N.

Problem 1.2.3 Determine C, s and Ciosc Are they different ?

1.3 Gevrey classes

In the case of the conjugacy of germs of formal diffeomorphisms of (C,0) one
can consider a problem similar to the local one above requiring the formal
germs to belong to some ultradifferentiable class, for example Gevrey classes.

Consider two subalgebras A; C Ay of zC[[z]] closed with respect to the
composition of formal series. In addition to the usual cases zC][z]] (formal
germs) and zC{z} (analytic germs) one can for example consider Gevrey-
s classes Gz, s > 0 (i.e. series F(z) = >, 5 fnz" such that there exist

LIf » = 0 it is the group of homeomorphisms of T; if » > 1, r € R\ N, it is the
group of CI"! diffeomorphisms whose [r]-th derivative satisfies a Holder condition
of exponent r — [r]; if » = w it is the group of R-analytic diffeomorphisms.
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c1,ce > 0 such that |f,] < e1cf(n!)® for all n > 0). Let F € A; being
such that F’(0) = A € C*. We say that F is linearizable in A, if there
exists H € A, tangent to the identity and such that F'o H = H o Ry where
Ry (2) = Mz. Let A = 2™ with a € R\ Q.

One knows that if « is a Brjuno number then for all s > 0 all germs F' € G
have a linearization H € G, (see [CM]). Let 7 > s > 0 and denote

Grs={a € R\Q, every F'€Gyis conjugated to R,with a conjugacyH € G, }

One knows that a condition weaker than Brjuno is sufficient [CM].
Problem 1.3.1 Determine G, ;.

Of course one can ask a similar question in the circle case, distinguishing
the local from the global case.

2 Finite-Dimensional Small Divisor Problems

2.1 Linearization of germs of holomorphic diffeomorphisms of
(C",0)

Let n > 2 and let f € (C[[z1,...2,]])" be a germ of formal diffeomor-
phism of (C",0), z = (21,...,2n), f(2) = Az + O(2?) with A € GL (n,C).
Let A1,..., A\, denote the eigenvalues of A, k = (ky,... ,k,) € N*, \F =
A N and k| = > i1 [kj|. Assume that the eigenvalues are all distinct.
If

M\ #£0 forallj=1,...,n and k € N"| |k| > 2 (NR)

then f is formally linearizable, i.e. there exists a unique germ h of formal
diffeomorphism of (C",0), tangent to the identity, such that h=to foh = A.

Let f be C-analytic and assume that A satisfies (NR). For m € N, m > 2
let

Q(m) = inf M=\
(m) 2<[k|<m 15j§n| i

Then Brjuno [Br| proved that if A is diagonalizable, satisfies (NR) and the
condition

30 Flog(@(21)) ! < foc (8)
k=0

then f is analytically linearizable, i.e. the formal germ h defines a germ of
C-analytic diffeomorphism of (C™,0). The proof uses the classical majorant
series method used by Siegel [S, St] to prove that h is C-analytic under the
stronger assumption that A1, ..., \, satisfy a diophantine condition.

Problem 2.1.1 (M. Herman) What is the optimal arithmetical condition
on the eigenvalues of the linear part which assures that f is analytically lin-
earizable? Can one obtain it by direct majorant series method?
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It seems unlikely that condition (B) is optimal.

Concerning the problem of linearization of germs of holomorphic diffeo-
morphisms near a fixed point [He4] contains many other questions, most of
which are still open.

2.2 Elliptic fixed points and KAM theory

If one replaces the assumption of being conformal with the assumption of
preserving the standard symplectic structure of R?™ one can consider the
following problem.

Let f be a real analytic symplectic diffeomorphism of R?" which leaves
the origin fixed f(0) = 0. Let z € R?" and assume that f(z) = Az + O(z?),
where A € Sp(2n,R) is conjugated in Sp (2n,R) to 74, X ... X rq, , Where

cos2may;  sin2way .
To, = ) and the vector a = (a, ... , ;) € R™ satisfies
—sin27a; cos2ma;

a diophantine condition. Herman [He6] stated the following conjecture.

Problem 2.2.1 (M. Herman) Show that there exists g > 0 such that in
the ball ||z||] < e¢ there is a set of positive Lebesque measure of invariant
Lagrangian tori.

Note that here the assumption of f being real analytic is essential since in
the C*° case the conjecture is true for n = 1, open if n = 2 but one knows the
existence of counterexamples if n > 3. Using Birkhoff normal form one can
prove that the conjecture is true in many special cases (some twist condition,
see [BHS)).

2.3 ZF-actions

Let £ > 1 and Fi,...,F; be commuting diffeomorphisms in D"(T). Let
aq, ... ,a be the rotation numbers of Fi,... , Fj. Then the diffeomorphisms
fi,-.., fr of the circle induced by F1, ... , F}, generate a ZF-action on T. If o
isirrational and F; = R,,, then we must have F; = R, for 1 < i < k, because
the centralizer of R,, in DY(T) is the group of translations. Therefore, if oy
is irrational and F7 is conjugated to R, by a diffeomorphism h € D*(T), the
full ZF-action is linearized by h.
J. Moser [M2] has shown that, if for some v,7 and all ¢ > 0

Al > -7
nax [lgail 2 7

then there exists a neighborhood V' of the identity in D*°(T) such that if
F; € D>=(T), p(F;) = o; and F; 0o R_,, € V then the action is linearizable in

D>(T). The simultaneous approximation condition above is probably opti-
mal in the C* category.
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More generally, one can define, for 1 <s<r <oo,orr=s=w

Cﬁs ={(a1,...,qx), any k-uple (F1, ..., F})
of commuting diffeomorphisms in

(D" (T))*with rotation numbers (as,... ,ay)is linearizable in D*(T)},

and similarly C}l°¢ if one assumes furthermore that F; o R_,, 1 < i < k,
are C"-close to the identity.
Problem 2.3.1 Determine C*_, Ckloc,

r,sr ~'r.s

Progress in this direction is contained in the papers [DL], [Kra], [PM], etc.

The previous problem generalizes to the study of Z* actions on R™. Let k >
n > 1 and consider an action Z* — Diff{ (R™). Among them the actions by
translations R, :  — x+aq;, 1 <i <k, where o; € R", play a distinguished
role. Assume that «aq, ... ,ax generate R™ and consider those actions whose
generators f1,..., fr € Diff{ (R™) are C*-close to Ry, ..., Ra, and which
are C%-conjugated to it (thus one can call ay, ... ,ay the rotation numbers of
the action.

Problem 2.3.2 For which rotation numbers is this C°-conjugacy indeed an-
alytic?

2.4 Diffeomorphisms of compact manifolds

Let M be a C* compact connected manifold. We denote Diff* (M) the group
of C* diffeomorphisms of M with the C*> topology and DiffS" (M) the group
of C* diffeomorphisms C*-isotopic to the identity (i.e. the connected com-
ponent of Diff** (M) which contains the identity).

The general problem that one may address is to study the structure (con-
jugacy classes, centralizers, etc. ) of Diff>*(M). In the special case of the n-
dimensional torus T™ = R"™/Z™ one has a KAM theorem which describes the
local structure of Diff"(T") near diophantine translations R, : & — x + a,
a € T™: there exists a neighborhood U, of R, in Diff"(T™) such that if
[ € U, there exists A € T" and g € Difff?(T") such that g(0) = 0 and
f=Ryog loR,og. Moreover this decomposition is locally unique.

In [Hel] a “converse” of this theorem is asked:

Problem 2.4.1 (M. Herman) Let V be a compact C* manifold, f €
Diff*(V), U a C* neighborhood of the identity, O¢y = {gofog™t, g€ U}.
If O v is a finite codimension manifold is it true that V- ="T" and f is C*°-
conjugate to a Diophantine translation ?

In the torus case one proves KAM theorem by means of an implicit function
theorem in Fréchet spaces (see [Ha, Bo]). The main point is that a translation
R, being diophantine is equivalent to ask that for all ¢ € C>°(T") there exist
1 € C*(T") and A € R such that the linearized conjugacy equation

QPORa—¢=<P+>\
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holds. Then one can ask the analogue of Problem 2.4.1 for the linearized
conjugacy equation

Problem 2.4.2 (M. Herman) If for all o € C*(V) there exists 1p € C(V)
and A € R such that Yo f —1 =@+ X is it true that V. ="T" and f is C*°-
conjugate to a Diophantine translation ?

3 KAM Theory and Hamiltonian Systems

3.1 Twist maps

We let T denote the circle R/Z and 6(mod 1) denote the standard parameter
of T and x the corresponding parameter of its universal cover R. We will let
y € R denote the standard parameter of the second factor of T x R. Let U be
an open subset of T x R which intersects each vertical line {#} x R in an open
non empty interval. We consider maps f which are diffeomorphisms from U
onto an open subset f(U) C T x R which also intersects each vertical line in
an open non empty interval. We assume that f is orientation preserving and
area preserving. Since we are in two dimensions the area preserving condition
is the same as requiring that f be symplectic. Let f denote the lift of f
to the universal cover so that f(z + 1,y) = f(x,y) + (1,0). We also set

(@',y) = f(z,y).

An orientation preserving symplectic C! diffeomorphism f satisfies a pos-
itive (resp. negative) monotone twist condition if %—‘"Z > ¢ (resp. < —¢) for
some fixed € > 0 and for all (z,y). Geometrically this condition states that
the image of a segment x =constant under f forms a graph over the = axis.
An integrable twist map has the form f(x,y) = (z + r(y), y).

From the area preserving property of f it follows that y'dz’ — ydz is a
closed 1-form and therefore there exists a generating function (or variational
principle) h = h(z,x’) such that

y=—01h(z,2"), y = h(z,2').

The generating function is unique up to the addition of a constant and its
invariance under translations (z,z’) — (z 4+ 1,2’ 4+ 1) is equivalent to the
condition that y'dz’ — ydz is exact on T x R. Moreover, from the positive
twist condition one has d12h(z,2') < 0.

A rotational invariant curve is a homotopically non-trivial f-invariant
curve. By Birkhoff’s theory (see [He3], Chapitre I), such a curve is the graph
of a Lipschitz function. For near—to-integrable twist maps KAM theory pro-
vides the existence of many rotational invariant curves. Herman [He3, He5]
proved that rotational invariant curves persist in twist diffeomorphisms which
are C3-close to an integrable map.

Problem 3.1.1 (J. Mather) Does there exist an example of a C" twist area—
preserving map with a rotational invariant curve which is not C* (separate
question fo each r € [1,00] U {w}).
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Problem 3.1.2 (J. Mather) Given a C* twist diffeomorphism and a ro-
tational invariant curve which is not C* 1is it possible to destroy it by an
arbitrarily small C* perturbation?

One knows, following [Ma3] that if the rotation number is not diophantine
this is indeed possible even in the case the circle is C*°. [Ma3] contains also
destruction results for C" twist maps (see p. 212) and [Fo] for analytic maps
but in both cases there is a gap between the destruction results and the
persistence results given by KAM theory.

It is a classical counterexample of Arnold that there exist analytic diffeo-
morphisms of the circle, with irrational rotation number, whose conjugacy to
a rigid rotation is not absolutely continuous. Since every diffeomorphism of
the circle can be embedded as rotational invariant curve of an area—preserving
monotone twist map of the annulus with the same degree of smoothness, this
example, and those constructed by Denjoy [Del, De2] and Herman [He2] in
the differentiable case, give examples of “regular” twist maps f having “reg-
ular” rotational invariant curves 7 such that f|, is topologically conjugate
to a rigid rotation but the conjugacy is not absolutely continuous. In these
examples the irrational rotation number has extremely good approximations
by rational numbers.

The classical results of Denjoy on diffeomorphisms of the circle show that
given an invariant curve v, if the rotation number « of f|, is irrational then
one has the following:

e if f|, € C? then f|, is topologically conjugate to R, and every orbit is
dense in 7;

e there exist examples of f|, € C27¢, ¢ > 0, such that no orbit is dense in
~ and the limit set of the orbit of every point of v is the same Cantor set
(Denjoy minimal set).

Thus even if f is smooth, limit sets different from + may appear provided
that the invariant curve v loses smoothness.

Problem 3.1.3 (J. Mather) Does there exist a C® area—preserving twist
map of the annulus with a rotational, not topologically transitive, invariant
curve of irrational rotation number? Same problem with r > 3 or even ana-
lytic.

M. Herman [He3] gave an example of class C>~¢. Hall and Trupin [HT)]
gave a C*° example without the area—preserving condition.

The most important progress towards the understanding of these problems
has come through the introduction of Aubry—Mather sets [AL, Mal, Ma2,
Mad]. These are closed invariant sets given by a parametric representation

r=u(l), y=—-0ih(ud),u(d+a)),

where u is monotone (but not necessarily continuous) and u — 6 is Z-periodic.
They do exist for all rotation numbers « and they are subsets of a closed Lip-
schitz graph. For rational « one obtains periodic orbits, whereas for irrational
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numbers one has rotational invariant curves if u is continuous (in fact Lip-
schitz by Birkhoff’s theorem) or an invariant Cantor set if u has countably
many discontinuities. In this case the Aubry-Mather set can be viewed as
a Cantor set drawn on a Lipschitz graph. Another important property of
Aubry—Mather sets is that the “ordering” of an orbit is the same as for the
rotation by « of a circle.

Mather based his proof on the variational problem

/1 h(u(0),u(d + «))do
0

minimizing this functional in the class of weakly monotone functions, thus
they are also called action minimising sets.

Problem 3.1.4 (M. Herman) For a C" twist area-preserving diffeomor-

phism does the union of the action-minimising sets which are mot closed

curves and do not contain periodic orbits have Hausdorff dimension 07
Here r > 3; otherwise Herman himself has a counterexample.

3.2 Euler—Lagrange flows

It is proved in [M1] that any monotone twist map can be obtained as the time-
1 map of the Hamiltonian flow associated to a time—dependent, Z-periodic
in time Hamiltonian H : T*(T x R) x R — R satisfying Legendre condition
H,,(8,y,t) > 0. This assures that f can also be interpolated by the time-
1 map of the Euler-Lagrange flow associated to the Lagrangian function
L : T(T xR) x R — R obtained from H by Legendre transform.

More generally, let M be a a closed Riemannian manifold M and consider
Lagrangians of the form kinetic energy + time periodic potential V' € C"(M x
T) (see [Ma5] for a more general setting). Assume that M has dimension at
least 2.

Problem 3.2.1 (J. Mather) Is there a residual set (in the sense of Baire
category) in C"(M x T) such that there exists a corresponding trajectory of
the Euler—Lagrange flow with kinetic energy growing to oo ast — co?

Of course these systems are very far from integrable ones. De La Llave has
some results concerning this problem.

3.3 n-body problem

Let n > 2. Consider n + 1 point masses my, ... ,m, moving in an inertial
reference frame R? with the only forces acting on them being their mutual
gravitational attraction. If the i-th particle has position vector ¢; then the
Newtonian equations of motion are

_ oV
0q; ’

mid; = i=1,....n
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Gmim, . . .
where V(qo, ... ,qn) = =D pcicicn |q77$1 and G is the universal gravita-

tional constant. The size of the system is measured by the moment of in-
ertia [ = %Z?:o m;|g;|?. The total energy of the system £ = T +V =
Yoo ‘q;‘ +V(qo,---qn), the tgtal angular momentum A = Y7 m;q; Ag;
and the total momentum P = )" m;q; are integrals of the motion. We will
assume that the center of mass C = Z?:o m;q; is fized at the origin, thus
P=0.

J. Mather recalled a problem proposed by G.D. Birkhoff [Bi]:

Problem 3.3.1 (G.D. Birkhoff) Let n = 2 (three body problem) and as-
sume that the total energy is negative. One can even assume that the three
particles move on a fixed plane. Is it true that the moment of inertia of the
system can grow to oo as t — oo for a dense open set of initial conditions?
One can ask the same question for n > 2.

The restriction to negative energy is necessary since from the identity of
Jacobi-Lagrange I = E + T follows that if the energy F > 0 all orbits which
are defined for all times are wandering. The only thing which is known is
that even for negative energy wandering sets do exist (as Birkhoff and Chazy
showed long ago, see [Al]).

The fact that the bounded orbits form a positive Lebesgue-measure set for
the planar three-body problem is a consequence of KAM theory (see [Ar]).
According to M. Herman [He6] “what seems not an unreasonable question to
ask (and possibly prove in a finite time with a lot of technical details) is”

Problem 3.3.2 (M. Herman) If one of the masses mg = 1 and all the
other masses m; << 1 are sufficiently small, are there wandering domains
in any neighborhood of fized distinct circular orbits around the mass mg and
moving in the same direction in a plane?

4 Linear Quasiperiodic Skew-Products, Spectral
Theory and Hamiltonian Partial Differential
Equations

4.1 Reducibility of skew-products

Let w € R? 6 € T? (here T = R/27Z), V : T¢ — R be a continuous function.
The time-continuous one-dimensional quasiperiodic Schrodinger equation

—§(t) +eV(0 +wt)y(t) — Ey(t) =0, (CQS)
as well as the time—discrete quasiperiodic Schrodinger equation
—(tpt1 + Un—1) + V(0 + nw)u, — Eu, =0 (DQS)

are both examples of linear quasiperiodic equations.
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In the periodic case w = 27r<%1,...%“), % € Qforal ¢ =1,...,1,

according to Floquet theory, the time evolutions of the solutions of (DQS) is
determined by the eigenvalues of the matrix

— 1
:1:[< 1 V(0 + jw) — >€SL(2’R)’

(for the (CQS), if ®+(#, F) denotes the monodromy matrix, the evolution is
determined by ®,(6, E)). Moreover one can make a change of variables which
transforms the system to a constant coefficient system (this is the so-called
reducible case, which was first considered by Lyapunov [NS]).

Not all quasiperiodic systems are reducible: indeed one has to overcome
a small divisors problem in order to show that a quasiperiodic Schrédinger
equation is reducible [DS], [MP]. For un up-to—date review we refer to [El2].

The problem of reducibility can be formulated more generally for any linear
quasiperiodic skew-product system. Let G denote some matrix subgroup of
GL (D,R), g its Lie algebra. Let A : T* — G and B : T? — g be continuous
functions. Then

0,X) — (0 +w,A(9)X),
X(t) = B(6 + tw) X,

are (respectively) discrete and continuous time skew-products. Of course two
examples are given by (DQS) (with G = SL(2,R)) and (CQS) (in this case
B € sl (2,R)). Again, a skew-product system will be reducible if there exists a
change of variable which transforms it to a constant coefficient skew-product,
i.e. A (resp. B in the continuous case) is constant.

Problem 4.1 (L.H. Eliasson) [El1, El2] Show that any generic analytic
one-parameter family of skew-systems sufficiently close to comstant coeffi-
cients is reducible for almost every parameter value.

A result very close to the previous problem has been obtained in [Kr] for
general compact matrix groups.

4.2 Spectral theory and integrated density of states

An important notion in the study of quasiperiodic Schrédinger equations is
the rotation number (or integrated density of states, see [JM]): for all E and
for all initial data the following limit exists

a(E) = tlggo % arg(y(t) +4y(t)) , for the (CQS).

If the system is reducible then the imaginary parts of the eigenvalues of the
constant coefficient matrix B € sl (2,R) to which it is transformed are £a(E).
When ¢ is small the properties of the rotation number as E varies are
known: it is an absolutely continuous function. Generically it is constant
outside a Cantor set. When £~! is small “localized” solutions can exist.
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Problem 4.2.1 (H. Eliasson) What are the properties of the map E +—
a(E) when e~ is small? Is it singular continuous? Absolutely continuous?

Problem 4.2.2 (H. Eliasson) Consider the (DQS) and suppose that there
exist a measurable function Es () and for a.e. o a function U, : T — R
(U, belongs to L?(T?) and is measurable in o) such that u,, = €Uy (0+nw),
n € Z, E = Ex(a) is a solution of (DQS). Assume that if for some subset
Y of T one has Ex(Y) = 0 then the Haar measure of Y is also null. Is the
spectrum purely absolutely continuous?

4.3 Nonlinear Hamiltonian PDEs

Here we consider nonlinear Hamiltonian Partial Differential Equations (PDEs)
in the finite-volume case. This means that we are concerned with equations
for (vector) functions u = u(x,t) where the space variable x belongs to some
bounded domain (with Dirichlet or periodic boundary conditions). The idea is
to treat Hamiltonian PDEs as ordinary differential equations in some infinite-
dimensional function spaces formed by functions of the space variable x and
to assume that they can be written in the form

u(t) = JVH(u(t)), (H)

where J is an anti self-adjoint operator in L? and V denotes the L2-gradient.
Equation (H) is Hamiltonian w.r.t. the symplectic structure

w(vi (@), va(@)) = (=) tor(@), va(2)) 2 -
A typical example is provided by the nonlinear Schrédinger equation
0+ iAu — julu|*? =0 (NLS)

with z € T", p € N. (NLS) can be rewritten in Hamiltonian form taking
J=iand H(u) = % [ |Vu|]® + 2p1+2 [ |u|?**2. Both H(u) and the L?-norm
J |u|? are preserved under the flow. The case p = 1 (cubic NLS) in one spatial
dimension is integrable.

Another classical example of integrable Hamiltonian PDE is the Kortweg—
de Vries (KdV) equation under zero-meanvalue periodic boundary conditions

[GKM, No, La, DMN, MT]

2
i= 2 (g 4 307), 2T |tz 0. (KdV)
0

In this case integrability means the following: for all n € N the space H =
Ns=0HE(T!) (here H(T!) is the Sobolev space formed by zero-meanvalue
functions on T') contains a smooth invariant 2n-dimensional manifold 72"
such that
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(a) the restriction of (KdV) to 72" defines a Liouville-Arnold integrable
Hamiltonian system,;

(b) T2 C T*™ if m > n;

(c) UT?" is dense in each H(T?!).

Moreover the invariant manifolds 72" are filled with time-quasiperiodic so-
lutions (the so-called n-gap solutions, see the lectures of S. Kuksin in this
volume).

Also the Sine-Gordon (SG) equation under Dirichlet boundary conditions

Upt = Ugy — sinu, u(t,0) = u(t,7) =0, (SG)

is integrable (i.e. it has n-gap solutions) but the manifolds 72" have algebraic
singularities and their union is proved to be dense only near the origin.

We refer to [B] and [Ku] for an introduction to the recent progress on the
theory of nonlinear Hamiltonian PDEs.

Problem 4.3.1 (S. Kuksin) Find a Lyapounov Theorem (not of KAM type)
for Hamiltonian PDEs. Ie. prove that (under reasonable assumptions) most
of time-periodic solutions from any non-degenerate one-parameter family per-
sist under small Hamiltonian perturbations of the equation.

For further information and some progress in this direction see [Ba2].

Problem 4.3.2 (S. Kuksin) Find a non-perturbative way to obtain time-
periodic solutions of an Hamiltonian PDE (the solutions should not be trav-
elling waves).

The main object of the Lectures of Kuksin in this volume is the proof
of a KAM-type theorem wich assures the persistence under small Hamilto-
nian perturbations of most finite-gap solutions of Lax-integrable Hamiltonian
PDEs like (KdV) or (SG). Nothing is known on the infinite-gap solutions (al-
most periodic solutions, see [AP] for an introduction). Following [MT] (see
also [BKM]), one can ask:

Problem 4.3.3 (S. Kuksin) Any Sobolev space HJ*(TY), m > 1, is filled
by almost periodic solutions of (KdV). Do most of them persist under small
Hamiltonian perturbations of the equation ?

Presumably they do not.

From the KAM theorem described in Kuksin’s lectures it also follows [BK]
that most small amplitude finite-gap solutions of the ¢* equation

utt:uwx_mu+7u3 ) ma’y>05 (504)

persist under small Hamiltonian perturbations. The (¢*) equation can be
indeed obtained from the (SG) equation developing sinw into Taylor series
at the third order and truncating. If one sets m = 0 into (¢*) the existence
of small-amplitude time-quasiperiodic solutions is not known.

Problem 4.3.4 (S. Kuksin) Construct small amplitude time quasiperiodic
solutions for the massless ¢* equation uy = uze — v, x € TL.
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Let us consider again the (NS) equation. As we have seen the time-flow
preserves the Hamiltonian and the L2-norm of the solutions. One can study
the following properties of the long-time behaviour of the solutions:

(a) limy o0 ||u(t)]|m = oo (here m is sufficiently large);

(a) Tim supy . [[4(8) o = 00;

(b) wu(t) — 0 weakly in H® as t — oo;

(b)) u(t,) — 0 weakly in H*® for a suitable sequence t,, — 0.

Problem 4.3.5 (S. Kuksin) Which properties among a)-b’) hold for the
solutions of (NS) with a typical initial condition ug, u(0,z) = ug(z) € H™?
Note the following facts:

e (a)—(b’) are all wrong for any up if p=1, n =1,

e (a)—(b’) are wrong for some ug (for any p,n) since (NS) has time-periodic
solutions;

e (b) = (a) and (b’) = (a’) due to the conservation of the L?-norm.

Problem 4.3.6 (S. Kuksin) Does (NS) have an invariant measure in H?®
such that its support (in H®) is a set with non-empty interior (here s is
sufficiently large) ¢

Not that a positive answer to Problem 4.9 implies that a) is wrong almost
everywhere with respect to the measure.

Problem 4.3.7 (S. Kuksin) In the spirit of Nekhorosheuv’s theorem one can
ask the following: does an arbitrary solution of a e-perturbed KdV equation
remain £%-close to some finite gap torus during a time interval 0 < t < T,
with T- > Care™™ for all M > 07

Probably a crucial step is to prove this statement for 7 = ¢72. A first
result in this direction has been obtained in [Bal].
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